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Abstract 

In this paper we give an explicit construction of the stack of microlocal perverse 
sheaves on the projective cotangent bundle of a complex manifold. Microlocal perverse 
sheaves will be represented as comple xes o f analytic ind-sheaves which have recently 
been studied by Kashiwara-Schapira [ KS2 |. This description allows us to formulate 
the microlocal Riemann-Hilbert correspondance in order to estabHsh an equivalence 
of stacks with the stack of regular holonomic microdifferential modules. 
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1 Introduction 



In |K4| Kashiwara constructed the stack of microdifferential modules on a complex contact 
manifold, generalizing the stack of modules over the ring of microdifferential operators Ex 
on the projective cotangent bundle P*X of a complex variety X. In his discussion Kashi- 
wara asked for the construction of a stack of microlocal (complex) perverse sheaves that 
should be equivalent to the stack of regular holonomic modules by a microlocal Riemann- 
Hilbert correspondance. Such a stack should be defined over any field k, but the Riemann- 
Hilbert morphism only makes sense over C. 



There have been several attempts to construct a local version of such a stack. In ||Anl[| 
Andronikof defined a prestack on P*X and announced the microlocal Riemann-Hilbert 
correspondance on the stalks. However, at this time there did not exist tools to define 
a global microlocal Riemann-Hilbert morphism. Another topological construction was 



proposed in |GMV| , but to our knowledge this project has neither been completed nor 
published. 

Our approach makes use of the theory of analytic ind-sheaves, recently introduced in 
[ KS2(| by Kashiwara and Schapira. Hence, microlocal perverse sheaves on a C^-conic open 



subset U C T*X will be ind-sheaves (or more precisely objects of the derived category of 



ind-sheaves) on U contrary to the construction of | Anl | in which microlocal perverse sheaves 
on ?7 C T*X were represented by complexes of sheaves on the base space X. The theory 
of ind-sheaves provides us with a nice represantitive of the stack associated to the prestack 



of I Anl | and allows us to use the machinery developped in | KS2 |. The essential tool in 
this description is Kashiwara's functor of ind-microlocalization ^ : D^{kx) — > D^{l{kT*x)) 
of [[K5|| . This functor enables us to define explicitly a global Riemann-Hilbert morphism 
when k = C 

In the future, we will hopefully show that we can actually patch (a twisted version of) 
this stack on a complex contact manifold and prove the Riemann-Hilbert theorem in the 
complex case. 

In more detail, the contents of this paper are as follows. 

Section 2 gives a criterion for a subprestack of the prestack of derived categories of 



ind-sheaves on a manifold to be a stack. It is a generalization of a proof of ||KS1| showing 
that the prestack of perverse sheaves is a substack of the derived category of sheaves with 
C-constructible cohomology. Then we investigate abelian stacks on a topological spaces. 
Roughly speaking, an additive stack on a topological space is abelian if and only if its stalks 
are abelian categories and we have a "lifting property" for kernels and cokernels. This will 
be applied in Section 7 to construct the abelian stack of microlocal perverse sheaves as 
a substack of the prestack of derived ind-sheaves on the contangent bundle of a complex 
manifold. 



Section 3 first recalls the theory of microlocalization of |KS1| on a real manifold X. 
We do not review in detail the theory of the micro-support of sheaves but concentrate on 
the definition of the microlocal category D^{kx, S) where S C T*X is an arbitrary subset. 
It is defined as the localization of the category D^{kx) by the objects ^ £ D^{kx) whose 
micro-support does not intersect S. For any 9 G ^^{kx) we get a natural morphism 

HomDb(,^^S)(:J,g) H0(5,/i/iom(J,g)). 



In the case where S = {pt} the category D^{kx,S) has been intensively studied in |KS1], 
and in particular it is proved that the morphism above is an isomorphism. 
We will show that this result is still valid in the category D^{kx,{x} x 6) where x is a 
point of X, 5 C T*X a closed cone and 6 = 6 \ {0}. Later we will be mainly interested in 
the case where 5 is a complex line. The main tool is the refined microlocal cut-off lemma 
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for non-convex sets, which we recall adding a few comments. We will also need the cut-off 
functor in Section 6. 

Section 4 extends the definitions and results of Section 3 first to M-constructible then 
to C-constructible sheaves. There are two natural ways to define the microlocalization of 
the derived category of M-constructible sheaves. We either localize the category 'D^_^{kx) 
by sheaves whose micro-support does not intersect S or we take the full subcategory of 
'D^{kx,S) whose objects are represented by M-constructible sheaves. Following |An2| we 



will use the first definition. One important question is whether or not the two definitions 
coincide. The main result of this section is that this is the case when S = {x} x 5. 
Now suppose that X is a complex manifold. Recall that C-constructible sheaves may 
be defined by a microlocal property: an object H € Dk-c(^^) C-constructible if and 
only if its micro-support is C^ -conic. It is then natural to define a microlocally complex 
constructible sheaf as a microlocal M-constructible sheaf whose micro-support is C^ -conic 
on S. 

In Section 5 we show that the constructions of Section 4 are locally "invariant under 
quantized contact transformations". 

Section 6 is devoted to the study of microlocally C-constructible sheaves in the cat- 
egory D^{kx,'C^p)- In Section 5 we have shown that the category D^_^{kx,C^p) is in- 
variant by quantized contact transformation. Hence we are reduced to study microlocally 
C-constructible sheaves in generic position, i.e. complexes of sheaves whose micro-support 
is contained in T^X for a complex (not necessarily smooth) hypersurface Z in a neighbor- 
hood of p. We give a complete proof that microlocally C-constructible sheaves in generic 
position may be represented by C-constructible sheaves (as anounced in | An2| ). 



Following |Anl[| , we define in Section 7 the category of microlocal perverse sheaves as 
a full subcategory of D^_(.(A:x, C^p). An object 3" G D^_^{kx,C^p) is perverse if for any 
non-singular point q S SS([J') in a neighborhood of C^p the complex 3" is isomorphic in 
T>^{kx,C^q) to a constant sheaf My [dy] supported on a closed submanifold Y C X. This 



definition is natural in view of the microlocal characterization of perverse sheaves of |KS1[| 
and also leads to definition of a prestack of microlocal perverse sheaves on P*X. Then 
we prove that the category Dp^j.^{kx,C^p) is abelian as has been announced in [ Anl ]. 



Our proof gives a refined result which allows us to conclude that the stack associated to 
this prestack is abelian. This stack is the stack of microlocal perverse sheaves on P*X. 
However we will need a more explicit representation in order to define the microlocal 
Riemann-Hilbert correspondance. 

In Section 8 we finally define microlocal perverse sheaves as objects of the derived cat- 
egory of ind-sheaves on conic open subsets of T*X. In Section 7 we have constructed the 
category of microlocal perverse sheaves at any p € P*X (or on C^p C T*X) which will be 
equivalent to the stalk of the stack fiPerv of microlocal perverse sheaves. The idea of the 
construction of fiPerv is to use the fact Kashiwara's functor fi of ind-microlocalization in- 
duces a fully faithful functor from Dp^j.^{kx,C^p) into the stalk of the prestack of bounded 
derived categories of ind-sheaves on C^-conic subsets of T*X. Then we can define a mi- 
crolocal perverse sheaf on a conic open subset U C T*X as an object of D^{l{ku)) that is 
isomorphic to a microlocal perverse sheaf of Dpgj.y(A;x, C^p) at any point ofp G U. Finally, 
we show that the stack of microlocal perverse sheaves is canonically equivalent to the stack 
associated to the prestack of the last section. 

In Section 9 we establish the microlocal Riemann-Hilbert correspondance: 

lxPerv{VL) , 7iomeg{tx\'^-^Q)- 
/iSol 
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It is defined by the formulas 



//Sol(M) = Rmom^(£^|^„^j(/3(M),/iOx|^-iQ) 

/iRH(:T) = 7^iR7fi,(R:>{om(J,/iO*|^-i(f^))) 

where is the restriction of the natural map 7 : T*X P*X to RJ!Kom, /5 are well- 

known functors from the theory of ind-sheaves (cf. [lKS2| ) and the "ring" 0* G D^(l{kx)) 
is the complex of tempered holomorphic functions on X of loc. cit. 

Appendix A gives a short introduction to stacks with emphasis on the special prop- 
erties resulting from the fact that we work on a topological space. 

In Appendix B we give a short summary of the properties of Kashiwara's functor fj.. 

First of all, I thank my thesis director P. Schapira both for having suggested this subject 
to me, and for always having been ready with precious help, guidance and encouragement 
throughout the last three years. Secondly, my gratitude goes out to M. Kashiwara with 
whom I had many invaluable conversations. I would particularly like to thank him for 
having shared with me his unpublished work on the microlocalization of ind-sheaves which 
provided me with certain key ideas on which this paper is based. It goes without saying, 
of course, that I could never have been able to complete this work without either of them. 
Finally, I would like to thank A. D'Agnolo, P. Polesello, F. Ivorra and D.-C. Cisinski for 
many useful discussions. 



2 Abelian substacks of a prestack 



Perverse sheaves on a complex manifold X are local objects - they form an abelian stack 



which is a subprestack of the prestack of (derived) sheaves on X (see [|BBD|1 for the general 



theory of perverse sheaves, see also | KS1 |, Chapter X, for a microlocal approach to perverse 



sheaves). In Section 2.1 we will generalize the method used in |KS1| in order to prove that 
this subprestack is actually a stack. In particular we will show that a similar method 
can be applied to find substacks of the prestack of (derived) ind-sheaves. The abelian 
structure of the stack of perverse sheaves is defined by a t-structure on the triangulated 
prestack of derived categories of sheaves with C-constructible cohomology. However, the 
category of microlocal perverse sheaves will not be defined as the heart of a t-structure. 
Our strategy is based on the idea that a stack is "almost" abelian, if its stalks are abelian 
categories. Roughly speaking, an additive stack is abelian if and only if its stalks are abelian 
and kernels and cokernels can be lifted to small neighborhoods. We will investigate this 
statement more precisely in Sections 2.2 and 2.3. 



2.1 A criterion for substacks 

The basic definitions from the theory of stacks (on a topological space) are recalled in 
Appendix B. The results on proper stacks and ind-sheaves that we will use can be found 
in |lKS2 |. 

Definition 2.1.1. Consider a prestack C on a topological space X. We say that a full 
subprestack Q' C Q is defined by a local property (with respect to C) if the following 
conditions are satisfied: 

(i) the prestack C is stable by isomorphisms, i.e. if U C X is open, A G OhQ'{U) then 
any object B € ObC(f/) isomorphic to A is also an object ofOhQ'{U), 

(a) ifUcX is open and A G Ob C{U) then A G Ob Q'{U) if and only if there is an open 
covering U = Uie/ smc/i that A\jj^ G ObC'(?7j) for all i £ I. 
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Remark 2.1.2. Consider a full subprestack C C C and a point p <E X. Then the natural 
functor Cp — > Cp is fully faithful. Therefore the (full) subprestack S' is defined by a local 
property if and only if for any object A G Ob S(J7) the statements (a) and (b) below are 
equivalent: 

(a) A e Obe'([/). 

(b) For every p & X the object A is in the essential image of the functor 6^ — > Qp, i.e. 
there exists an object B G Ob Qp such that A is isomorphic to B in Cp. 

Lemma 2.1.3. Let Q be a triangulated prestack. Assume moreover that 

(1) for any V <Z U the restriction functor iy]j has a fully faithful left adjoint ivu\^ , 

(2) these functors satisfy the base change theorem, i.e. for any Cartesian square of open 
subsets 

Uu > Ui 

□ 

U2 

we have if/iaC/aiViaiJi - iulv^UiVi, where Uu = C/i n ?72. 
Consider the union of two open sets U = U1UU2 and suppose that we are given 
(i) objects Ai G OhQ{Ui) and A2 G Obe(C/2), 
(a) an isomorphism /21 : ^ilt/^j — ^ '^'^\ui2 ^{^12)- 

Then there exist an object A G OhC{U) and isomorphisms fi : A\^^ — > Ai, f2 : A\^^ — > A2 
that are compatible with /21 on U12, i.e. the following diagram commutes: 

AiL — ^A2L 

Proof. Let us simplify the notations for the restriction functors by suppressing U. Hence 
we have the functors 

: e(c/i) ^ e(c/i2) i^l2 ■ e(c/2) ^ q{Uu) 

We use a similar notation with lower-case symbol ! for the left adjoints of these functors. 
Now define A by chosing a distinguished triangle 

n2!(-4i|y^J ^lllAi ®12\A2 ^ A > 

where the first morphism defining the triangle is given by 

gi ■■ n2!(^l|t/j2) — ^n!il2,l!(^l|c/i2) 

f 

92 ■■ il2\{Ai\^^J J' > ^12!(^2|c/iJ ~ > ^2!^12,2!(^2|t/^J ^i2!(^2). 



^Recall that ivut is fully faithful if and only if the adjunction morphism Id ivufivu isomorphism. 
Also note that for any three open subsets W C V C U the isomorphism i^Yv^vu — Hvu induces an 
isomorphism iwv'.ivui — iwu'.- 
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Define /i and /2 by 

/i : Ai^qhvAi '-^A\^,, 

Let us check that /i is an isomorphism. It is sufficent to show that g2\uj^ is an isomorphism. 
Since by the base change theorem we have 

we get the result. A similar argument shows that /2 is an isomorphism. To prove that 
these isomorphisms are compatible with /21 one uses the fact that higi + /i2(72 = 0. □ 



Remark 2.1.4. In the situation of the preceding Lemma |2.1.3| , suppose that we are given 
a full (but not necessarily triangulated) subprestack C C C that is defined by a local prop- 
erty. Then the lemma holds in S', i.e. if the objects Ai,A2 are in C then the object A 
lies also in C. Indeed, we may patch the given objects ^1,^2 of C to an object A in the 
prestack C using Lemma p. 1.3 . Then the axioms (cf. Definition 2.1.1 ) immediately imply 
that A is an object of S'. 

Note that if moreover C is separated, then the object A is unique up to unique isomor- 
phism^. 



Let us apply Lemma p.l.3| to the prestack of bounded derived categories of ind-sheaves. 
Denote by B^{l{h)) the prestack U ^ D^(I(fc(/)) on a locally compact space X with a 
countable base of open sets. This prestack has the following properties: 

(i) it is a triangulated prestack, 

(ii) if V C U C X are open subsets and if we denote as usual by iy^ : D^{I{k^)) — > 
D^{I{k^)) the restriction functor, then this functor has a fully faithful left adjoint 

Rivun, 

(iii) the base change theorem is satisfied (cf. Lemma 2.1.3|) . 

The proof is based on the fact that I(fc*) is a proper stack (cf. [ KS2| ]). Hence we get 

Corollary 2.1.5. Consider the prestack D^(/(/c*)) on a locally compact topological space 
X and two open subsets J7i, C/2 C X . Set U = UiUU2- 
Suppose that we are given the following data 

(1) two objects G ObD^(/(A;yJ), J2 G Ob D^(/(A:^J), 

(2) an isomorphism /21 : — > 3"; 



U12 ' ""^'Uiz- 



Then there exist an object 3" € OhD^{I{k^)) and isomorphisms /i : Hi, /; 

3^\^^ — > 3^2 compatible with /21 on U] 



12- 



Now let us state Proposition 10.2.9. of [|KSlJ1 in a slightly more general context and 
change the proof so that we may adapt it later to the case of ind-sheaves. 

^More precisely, if A' is another object with isomorphisms : A'\^, ~* Ai for i £ {1,2} such that 
/21 ° fi\ui2 ~ /alc/ia then there exists a unique isomorphism (p : A ^ B such that fl o ip\j^ — fi for 

ie{i,2}. 
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Proposition 2.1.6. Let X he a locally compact paracompact space with a countable base of 
open sets. Consider a proper stack^ A such that for every open subset U d X the category 
A{U) has enough injective objects. Denote by T)^{A) the associated prestack of bounded 
derived categories. 

Let C C D'^(yi) be a separated full subprestack that is defined by a local property. 
Then Q is a stack. 



m 



Proof. We have to show that S satisfies the patching condition (cf. Definition [A. 4. 2 
Appendix B). Since X is paracompact we have to verify the patching condition only for 
countable coverings. 



Since the conditions of Lemma p. 1.3 are satisfied for the prestack D (A) and S is defined 



by a local property, we know that C satisfies the patching condition for any covering of 
type [/ = C/i U U2. 

Using the fact that S is separated, we can easily verify by induction that the patching 
condition is satisfied for finite coverings. 

Therefore, using again the fact that S is separated, it is sufficent to prove that objects may 
be patched in C for open coverings of type U = U„gf, where Un C Un+i- 
Consider a family of objects An £ Ob 0*^(^1 ([/„)) and isomorphisms fn-i ■ ^n-i — > 
An\jj^ 1 (th^ other isomorphisms are uniquely determined by the cocycle condition). 
Denote by i„ : Un ^ U the inclusion map. Then we lift the morphisms of th system to 

. in-V.Un-l) „■ /I I -A 

in D^{A{U)). Hence we get a family of morphisms {gn-i '■ in-V.^n-i in\-An}n^i in 
D^(yi(C/)). Note that gn-i\un-i is an isomorphism by the base change theorem. 
By hypothesis A{U) has enough injective objects and therefore we have an equivalence 
of categories {ln]{A{U))) ~ T)^{A{U)). Here Inj(yi(;7)) denotes the full abehan sub- 
category of A{U) whose objects are the injective objects of A{U) and K''(Inj (A ([/))) is 
the triangulated category of bounded complexes of Inj(A(C/)) where morphisms of com- 
plexes are considered up to homotopy. Hence there exist objects I„ and morphisms 
hn-i : In-i In in C^(Inj(yi ([/))) such that the diagram {/i„_i : In-i In}n^i is 
isomorphic (in J}^{A{U))) to the diagram {gn-i ■ in-V.^n-i ^n!^n}n^i- 
Let A = liml„ and consider A as an object in B^{A{U)). Then A\^^ is quasi-isomorphic 
in C'^{A{U)) to In because for m ^ n the morphism /„ Im\Un is a quasi-isomorphism. 
Hence there are natural isomorphisms A\^^ ~ An in D^{A{U)), and a simple diagram 
chase shows that they are compatible with the morphisms /„. □ 



Remark 2.1.7. Note that in Proposition 2.1.6| the hypothesis that the categories T>^{A{U)) 



possess enough injective objects can be weakened. During the proof, we actually only use 
the fact that any diagram in D^{A{U)) of type {An An+i}n^o can be lifted to a diagram 
{In In+i}n^o in C^{A{U)). We do not use the fact that the objects /„ are injective. 

We need a proposition of |KS2|] (part of Theorem 11.2.6). 

Proposition 2.1.8. Let A be an abelian category with a system of strict generators. Denote 
by Ind^ the category of ind-objects of A and let S C Oblnd(^) be a small subset. Then 
there exists an essentially smalt^ full abelian subcategory B d A such that 



^For the definition of a proper stack see | KS2 |. A proper stack 71 and the associated prestack of bounded 
derived categories D'°{A) satisfy the hypothesis of Lemma 2.1.3 Moreover for each open subset (/ C X, 



the abelian category A{U) admits filtered exact colimits and the restriction functors commute to such 
colimits. 

■^A category is essentially small if it is equivalent to a small category. 



(i) B is stable by subobject, quotient and extension in A, 

(ii) Indi3 C Ind^ is stable by subobject, quotient and extension and contains S, 
(Hi) Indi3 has enough injectives. 

Hence we get the following corollary. 

Corollary 2.1.9. Let S be a small diagram in D^{lnd{A)), i.e. S C Mor D*^ Ind(^) is a 
set of morphisms. Then there exists an essentially small full abelian subcategory B d A 
such that 

(i) B is stable by subobject, quotient and extension in A, 
(ii) Indi3 C Ind^ is stable by subobject, quotient and extension, 
(Hi) Indi3 has enough injectives, 

(iv) S is contained in the image of the natural functor 

D^(Ind(i3)) ^D^{lnd{A)). 

Proof. Every morphism (/ : ^4 — s- A') G S may be represented by a diagram 

A A" A'. 

Chose such a diagram for every / € 5. Consider the set of objects of Ind^ appearing in 
some complex in some diagram and apply Proposition 2.1. j to this set. □ 



Combining Proposition 2.1.6 with Remark 2.1.7 and Corollary 2.1.9| we get: 



Theorem 2.1.10. Let X be a paracompact locally compact topological space with a count- 
able base of open sets and consider a separated full subprestack C C D^(/(A;*)) that is 
defined by a local property. 
Then Q is a stack. 

2.2 Limits and colimits in stacks 

Recall that if S is a prestack on a topological space X we denote by Py^j the restriction 
functor for two open subsets V C U C X and Pp : C(C/) — > Qp the canonical functor into 
the stalk at p. 

Definition 2.2.1. Let I be a small category. We say that C admits limits (resp. colimits) 
indexed by 2 if for every open subset U C X the category C{U) admits limits (resp. colimits) 
indexed by T such that the restriction functors commute to these limits (resp. colimits). 

Let I he a finite category. It is easy to see that if C admits limits (resp. colimits) 
indexed by I, then for every p € X the category Qp admits limits (resp. colimits) indexed 
by I and the functor Pp commutes to such limits (resp. colimits). 

However, the converse is not true. We cannot know simply by looking at the stalks whether 
or not a prestack admits limits or colimits indexed by I (even if C is a stack). 
If C is separated we can at least see from the stalks whether or not a given object represents 
a limit or colimit indexed by a finite category. By duality we only need to consider the 
case of finite colimits. 
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Lemma 2.2.2. Let Q he a separated prestack on a topological space X. 

Consider a finite category X, an open subset U C X and a functor a : I ^ 

Suppose given an object L G Oh Q{U) and morphisms Oi : a{i) — s- L such that for any 

morphism s : i ^ j of MorT we have aj o a{s) = Ui. 

Then the two following assertions are equivalent: 

(i) (L,{crj}jg/) is a colimit of a in Q{U) and for any open subset V C U the pair 
(L|^, {o-il^.jig/) is a colimit of p^.-^a in C{V). 

(a) {L, {{ai)p}i^i) is a colimit of PpU in Qp for all p E U. 

Proof. Let V C U he axi open subset. 

The object L G ObC(C/) and the morphisms ai\y define a natural morphism of sheaves (C 
is separated) for any object A £ OhQ{V) 

?^omg| {L\y,A) — >lnn7^omg| {a{i)\y,A) (2.2.1) 



Since X is a finite category we have for every p G V 



(limTYomg, (a(i)|^ , ^))p ~ hm Homg, {a{i)\y,A)p. 

Hence the morphism (|2.2.1|) induces in the stalks 

nom^^{L,A) c^Hom^^ {L,A)p — > limHoui^^ {a{i)\y,A)p (2.2.2) 

Assertion (i) is clearly equivalent to the fact that the morphism ( p. 2.1 ) is an isomorphism 
for all F C [/ and any A € e{V). 

Assertion (ii) is equivalent to the fact that the morphism ( 2.2.2| ) is an isomorphism for all 
V cU,Ae e{V) and peV. 

Since C is separated the morphism ( ^.2.1 ) is an isomorphism if and only if for every p 
the morphism ( p.2.2| ) is an isomorphism, which proves the lemma. □ 

Remark 2.2.3. Consider a prestack C, ry^ : C ^ the natural functor into the associated 
separated prestack (resp. rj^ : C ^ the natural functor into the associated stack), 1 a 
finite category and a : I ^ C(C/) a functor. 

Suppose that there is an object L £ Q{U) and morphisms crj : a{i) — > L such that condi- 
tion (ii) of the Lemma 2.2.2 is verified. 

Then Lemma 2.2.2| immediately implies that (ry^(L)[^, {^/^(o"i)|^}) (resp. (r/^ (L)|^, {f/^(o"j)|^})) 
is a colimit of py^j-q^a (resp. p'yjjrj^a) in C^(y) (resp. Q^{y) for all V C U. 

Now suppose that we are given a stack C, a finite category T and a functor a : I —i- 



C{U). In order to check that there exists a colimit of a in C{U) we can apply Lemma 2.2.2 . 
However, in practical situations (as in Section 7.2) it is often difficult to establish the 
existence of an object L defined on U that verfies condition (ii) of Lemma 2.2.2. Therefore 
we will use a refinement of Lemma 2.2.2 adapted to stacks which states that it is sufficent 
to prove the existence of the object L locally on U. 

Proposition 2.2.4. Let Q be a stack on a topological space X and 2 be a finite category. 
Suppose that for every open subset U C X and every functor a : 1 ^ Q{U) there exists an 
open covering U = [Jj^jUj, objects Lj € OhC{Uj) and morphisms : a(«)|y, ^{Uj) 
verifying condition (ii) of Lemma 2.2.1: . 
Then S admits colimits indexed by I. 
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Proof. Consider an open subset U C X and a functor a : I ^ By hypothesis and 

Lemma 2.2.2 there exists an open covering U = Uiej^i such that Pjj.a is representable in 



C{Uj) by an object Lj and the restriction to any smaller open subset W C Uj commutes 
to these colimits. The conditions clearly imply that we may patch together the colimits 



Lj G ObC([/j) to an object L € ObC([/). Now applying again Lemma 2.2.2 we see that L 



is a colimit of a and that all restrictions commute to this colimit. □ 

Corollary 2.2.5. Let G be a prestack, rj : C ^ C-t the natural functor into the associated 
stack and I he a finite category. 

Suppose that the stalks of C admit colimits indexed by X. 

Moreover we assume that for any open subset U C X and any functor a : I ^ C(f^) the 
following statement holds: 

For any point p € U there exists an open neighborhood Up C U, an object L^ e S(f^p) and 



morphisms : ce{i)\y L^ .such that condition (ii) of Lemma 2.2.i is verified. 
Then G^ admits colimits indexed by I. 

Proof. Let a : I C^{U) be a functor. Consider the functors pjF a for all p ^ X . Since I 
is finite there exists an open neighborhood Up of p such that a factors through Q{Up). 



Hence we can apply Proposition 2.2.4. □ 



In particular we get the much weaker statement that if a prestack C admits colimits 
indexed by a finite category T then admits colimits indexed by I. 

2.3 A criterion for abelian stacks 

We can apply the results of the last paragraph to additive prestacks with abelian stalks. 
First recall that if C is an additive prestack then is additive. 

Theorem 2.3.1. Let C be an additive prestack with abelian stalks. Suppose that for every 
p ^ X and every morphism f : A ^ B in Cp there exists an open neighborhood U ofp such 
that f may be represented by a morphism f : A B in Q{U) and there are morphisms 
K ^ A, B ^ K' such that K ^ A is a kernel in Qq and B ^ K' is a cokernel in Qq for 
any q £ U. 

Then is an abelian stack. 



Proof. Clearly the conditions of Proposition 2.2.4 and Corollary p. 2. 5 are satisfied for 



cokernels and kernels. Hence C-'" admits cokernels and kernels. 
Let / : A ^ B he a morphism of Q^{U) and consider the natural morphism coim/ im/. 
Since the categories of germs are abelian this morphism is an isomorphism in the stalks. 
Since C-f is separated it is also an isomorphism in Q^{U). □ 

Corollary 2.3.2. Let S be an additive stack on X such that all stalks are abelian categories. 
Then C is an abelian stack if and only if for every morphism f : A ^ B in Qp there is an 
open neighborhood U of p such that f may be represented by a morphism f : A ^ B in 
C{U) and there are morphisms K ^ A, B K' such that K ^ A is a kernel in Qq and 
B ^ K' is a cokernel in Cq for any q U . 

Remark 2.3.3. Hence in order to verify that an additive stack is abelian it is enough to 
verify that its stalks are abelian categories and that "kernels and cokernels are constant in 
some neighborhood". 
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3 Microlocalization of sheaves 



3.1 Notations 

Let denote the group of strictly positive real numbers and the group of non-zero 
complex numbers. 

We will mainly work on a fixed complex manifold^ X of complex dimension d\m.^X = dx- 
Let T*X be its cotangent bundle and T^X the zero section. Set T*X = T*X \ T^X and 
let P*X = f*X/C^ be the projective cotangent bundle. We denote by 

7 : t*X — > P*X 

the natural map. 

If A C T*X is a subset, we define the antipodal set A" as 

A^ = {{x;0 I (x;-e)GA}, 

and we set 

R+A= et*X | 3q G IR+ (x; G a}. 

We define similarly C^A. Hence C^A = 7^^7(A). If A = {p} is a point, we will write C^p 
instead of C^{p}. 

We say that a subset A C T*X is M^-conic (resp. C^-conic) if it is stable under the action 
ofR+ (resp. C^), i.e. if M+A = A (resp. C^A = A). 

In the sequel, we will often deal with M^-conic subsets that are only locally -conic. 
More precisely, a subset A C T*X is called -conic at p G T*X if there exists an open 
neighborhood U of p such that U n C^A = U D A. Note that this definition still makes 
sense if A is a germ of a subset at p. An open subset is always C^-conic at each p € U. 
Let 5 C T*X be another subset, and suppose that A is defined on a germ of a neighborhood 
of S. Then we say that A is C^-conic on S if it is C^-conic at every point of 5. Clearly 
this is equivalent to the statement that there exists an open neighborhood ?7 of 5 such 
that [/ n A = [/ n A. In particular, A is C^-conic on f*X if and only if it is C^-conic. 
Finally we call the following easy topological lemma to the reader's attention. 

Lemma 3.1.1. Let S C T*X be a -conic set and U D S an W'^ -conic open neighborhood. 
Then there exists a -conic open set V such that S C V C U . 

Now let us fix the conventions for sheaves. All sheaves considered here are sheaves of 
vector spaces over a given field k. 
We will consider the following categories: 

D'^(fcx) is the derived category of bounded complexes of sheaves of k vector spaces, 

D^_j,(/cx) is the full subcategory ofD^{kx) whose objects have M-constructible cohmol- 
ogy, 

D^_j,(/cx) is the full subcategory of D^_^{kx) whose objects have C-constructible 
cohomology, 

Perv(A;x) is the full abelian subcategory of DQ_^{kx) whose objects are perverse 
sheaves. 

We will not recall the construction of these categories here, for more details see for instance 

'All manifolds (complex or real) in this paper are supposed to be finite dimensional with a countable 
base of open sets. 
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3.2 Microlocalization of sheaves 



In this section we recall the construction and some properties of the microlocalization of 
^^{kx) on a subset 5 C T*X ( ||KS1 |, Chapter VI) which we will then discuss from the 



(pre)stack-theoretical point of view. Note that all definitions and statements below which 
do not involve C^-conic subsets of T*X are valid on a real manifold. 
Recall that if 3" E D^{kx) then one can associate to 3' a closed M^-conic involutive subset 
SS(9~) of T*X called the micro-support of 3'. The theory of the micro-support can be found 
in ||KS1[ . It is the set of codirections in which 3^ "does not propagate". More precisely, 
a point p € T*X is not a point of the micro-support if and only if there exists an open 
neighborgood Uofp such that for any x ^ X and any real map of class with = 
and {dip)x £ U we have 

Let S C T*X be an arbitrary subset. Set 

AAj = jg- E D^(A;x) I ss(g") n 5 = 0}. 

The micro-support is invariant under the shift functor. Further, if 

^' ^ 3^ ^ 3^" ^ 

is a distinguished triangle in which 3^' and 9" are objects of Ms, then it follows from the 
inclusion 

SS(:J") c SS(3") U SS(3-') 

that y is also an object of J\fs- Hence Afs is a full triangulated subcategory of T>^{kx)- 
Note that if x G 5 n T^X then 3" S Ms implies 3" ~ in a neighborhood of x. 

Definition 3.2.1. The microlocalization ofD^{kx) on S is the localization of the trian- 
gulated category D^{kx) by the full triangulated subcategory Ms, i-e. 

D^fex,^) = Db(A;^)/AAs. 

If S = {p}, we will write D^{kx,p) for D^{kx, {p})- 

Note that an object 3" in D^{kx, S) is isomorphic to zero if and only if 3^0 3^[1] € TVs 
and since SS(3"e 3"[1]) = SS(J) this is equivalent to SS(J) nS = 0. 

A morphism ^ 9 of D^{kx) is called an isomorphism on S if it is an isomorphism in 
D^{kx, S). This is equivalent to the existence of a distinguished triangle in D^{kx) 

J ^?{^^ 

with SS(J{) nS = 0. 

From this it follows easily that if 3^ ^ S is an isomorphism in 'D^{kx, S), then SS(3') nS = 
SS(S) n S. Hence the micro-support of 5" € D^{kx,S) is well-defined in a germ of a 
neighborhood of S. 

Let J,g G B^{kx,S). By definition we have 

HomDb(^^ .5)(:T,g) ~ Ikn Homj3b(fc^)(:J', 9). 

on S 

We will have constant recourse to the following easy lemma. 
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Lemma 3.2.2. Let S C T*X he any subset. Consider a morphism 9" — > S ofD^{kx) that 
is an isomorphism on S. Then there exists an M.'^-conic open neighborhood U of S such 
that 3^ — > S is an isomorphism on U . In particular SS{3^) DU = SS(S) fl U . 
If moreover S is -conic, then we can choose U to be -conic. 

Proof. By hypothesis there exists a distinguished triangle in D^{kx) 

3- 

such that SS(!K) D S = 2). Since SS(!K) is a closed M+-conic subset of T*X, the set 
U = CSS(!K) is an open and M"'"-conic neighborhood of S such that SS(?{) nU = 0. 
Now suppose that 5 is -conic. To prove the last statement we use the fact that every 
M^-conic open neighborhood F of 5 contains a -conic open neighborhood of 5. □ 

Recall that to any 9 G ^^{kx) we can associate the object fihom{3^, S) G D^{kT*x) 
(see |KS1|, Chapter IV). This complex satisfies 



supp(/i/iom(j, g)) c ss(:j) n ss(g). 

Therefore ^hom{9', S)|^ is well-defined for 9", 9 € ^^{kx, S). 
For an arbitrary subset S there is a natural morphism 



HomDb(;.,^ ^)(J,g) ^H0(5,/i/iom(J,g)). (3.2.1) 



Let us recall its construction. For any two objects 3"i,9'2 G ^^{kx) we have a canonical 
isomorphism 

which defines a morphism 



Homob.. JJi, J2) ^ }f{T*X, /i/iom(Ji, J2)) 



Homj3b(fc^)(Ji,:T2) H°(5,;u/iom(3-i,:J2)). 
Now if 3"' — > J' is an isomorphism on S we get an induced isomorphism 

H°(5, fihomiS", 9)) ^ H°(5, fihom{3^', S)). 
Thus we get morphisms 

HomDb(;-^)(J', S) H°(5, fihom{3-, 9)). 



which induce the morphism ( 3.2.1] ). 



There is a well-known situation in which this morphism is an isomorphism ( [KS1 |, Theorem 
6.1.2). 



Proposition 3.2.3. Let p £ T*X and 3^,3 G D^(X,p). Then the morphism 

B.om j^b^x,p)i^^ S) — > H°^/iom(3", 9)p 

is an isomorphism. 

The idea is to calculate both sides by using microlocal cut-off functors. We will show 
that such a strategy works in the case of a closed cone mT*X, x £ X. 



However, the morphism ( 3.2.1 ) is not an isomorphism in general (cf. | KS1 |, Exercise 
VL6 which gives a counter-example on an open subset). 
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Remark 3.2.4. The correspondance 

T*X dU^ D^{kx,U) 

defines a prestack on T*X, which we will usually denote by D^{kx, *)■ 
Therefore 7* D^{kx, *)\j„x defines a prestack on P*X. 

Proposition 3.2.5. Let S be a subset ofT*X. Then the natural functor 

21im B^{kx, U) — > D^(A;x, 5) 

S <ZU d t*x 

U R+-cornc 

is an equivalence. 

Proof. The functor is obviously essentially surjective. Let us show that it is fully faithful. 
Let J, g G D^(A:x)- By Lemma |3.2.2| we get 

Hom , iJ, g) ~ lim Horn , (J, g) 

scu^t'x 

U M^-conic 



~ lim lim. Hom^ 

S CU C T'X ^' ~, 3- 
U H+ -conic on U 

lim lim Hom^,^^^,(J',g) Hom^,^^^ g). 
ScUcf*X3^' ^ s- 

on U 



□ 

Corollary 3.2.6. Let S be a -conic subset ofT*X and p € T*X. 
(i) The natural functor 

21im ( A;x , [/) — ^ ( A;x , 5) 

S C C f *x 

U C'^ -conic 

is an equivalence, 
(a) The natural functor 

B^{kx,*)p^'D^{kx,p) 
is an equivalence. If moreover p € T*X then 

Proof. Any M^-conic neighborhood of a -conic subset contains a -conic neighbor- 
hood. Thus part (i) of the corollary follows from a cofinality argument applied to the 
result of Proposition |3.2.5 and part (ii) follows from Proposition 3.2.5| and (i). □ 



3.3 Refined microlocal cut-off" 

Let us recall the basic idea of a microlocal cut-off functor. 

Let X be a finite dimensional real vector space, U 3 a relatively compact open neigh- 
borhood of and consider an open cone 7 C X* . 
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Definition 3.3.1. A microlocal cut-off functor on U x j is a functor 
such that 

(i) SS($[/^^?') C X X 7 (the micro-support has been cut off at 7J, 

(ii) ss($c/,^(:t)) n [/ X 7 = ss(3") n c/ x 7, 

(Hi) ^[/,7 *s equipped with a morphism of functors a : ^*c/,7 ~^ Id smc/j i/iai a induces an 
isomorphism in jS^{kx^U x 7) which can he visualized by 



B''ikx,Uxj) 



-Id 



■B''ikx,U xj). 



Note that condition (iii) implies (ii). 
If the cut-off functor ^u,"/ allows us to estimate the micro-support of $(7^^ (3") in the fiber 
{0} X X* , we usually call it a refined microlocal cut-off. 

A cut-off functor is easily constructed in the case of a convex open cone (see Proposition 
5.2.3 of HKSI I). a generalization to non-convex cones is stated in Exercise V.8 of | KS1 | 
(for a proof see |D'A|| ). These tools will allow us in Section 3.4 to calculate sections of 
fihom along a complex line (or more generally along closed cones of T*X where x G X). 



The result will imply that the morphism ( |3.2.1| ) is an isomorphism in this case (see Section 
3.4). 

Later we will need to construct a functor D]^_^ j^{kx,C^p) D]^_^{kx ,tt{p)) if A is in 
generic position at p (Section 6.1). For this purpose we will need the refined microlocal 



cut-off of [ D'A |. It is an extension of the classical "refined microlocal cut-off lemma" 



(Proposition 6.1.4 of | KS1P ) to non-convex cones with a good estimate for the micro- 
support. 



Let us recall the cut-off functor of | KS1 |, Exercise V.8. Let X be a real, finite dimensional 
vector space, X = X \ {0}, U C X an open subset and 7 C X an open cone. 
We have the following natural morphisms: 



X X X 
91 / II \ 92 



XXX 
where qi and 52 are the natural projections and 



s : X X X 
s : X X X 



X ; {x,y) ^ x + y, 
X ; {x,y)h^x-y. 



We define the functor ^u,'y by setting for any S' G D^{kx) 

^uA^") = * = Rs^.iqi^k!;^ q2^3'u)- 



It can be shown that ^u,-y is a microlocal cut-off functor in the sense of Definition 3.3.1 
Let us add two easy lemmas which will be useful in the next section. 



16 



Lemma 3.3.2. Let S G D^(A;x). Th en we have a canonical isomorphism 

Proof. Consider the map 

</?:XxX — >XxX ■ {x,y) ^ {x + y,y) 

We obviously have the formulas: 

socp = qi qioip = s q2°'P = q2 

Hence we get the chain of natural isomorphisms 

Rs!(g^^3^(g)g2"^S) ^ Rqv.Rip\iip'^s-^3' ip~^q2^9) ^ Rqv.iRip\ip~^s-'^9' ^ q^^S) 
c^Rqn{s-^3^^q^^9). 

□ 

Lemma 3.3.3. Let 71,72 C X be two open cones and U C X open. Then there is a 
natural distinguished triangle 

,7iU72 

Proof. Follows immediately from the distinguished triangle 

^1 n75 ^ ^1 ® ^72 ^ ^1 U7§ > 

by applying the triangulated functors ( • )^ and ( • ) * •^u- D 

Next, we recall D'Agnolo's condition under which the cut-off functor ^u,j is refined. 
These results will not be needed until Section 6. 

Definition 3.3.4. If j C X* is an open cone, set 

a°7 = 7rx(SS(C^)\{0;0}) 
where x ■ T*X* T*X is defined by x{^;x) = {x; -0- 

One says that {U, 7) is a refined cutting pair at 0, if U C X is a relatively compact open 
neighborhood of and for any x G dU H d°j there exists ^ & X such that N* (C/) = M^o^ 
and x{SS{k^)) mT-\x) =R^ot 

This allows one to give a good estimate of the micro-support of ^u^^{3^) at 0. 
Proposition 3.3.5. Let (C/, 7) be a refined cutting pair at 0. Then 

SS($^_^(^)) nvr-^O) c G 7 |(0;0 e SS(:J)} u[^€d^\3xeU:{x,0e SS(3^)}. 

Let us add a useful corollary: 

Corollary 3.3.6. Let {U,j) be a refined cutting pair at and suppose that SS(5') D (U X 
d'j) = 0. Then there exists an open neighborhood V of such that 

ss($[/,^(j)) n Tr-\v) = ss(?-) n (F X 7). 
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Proof. Since SS($c/,^(J)) C X x 7 and SS($t/,^(J)) n (C/ x 7) = SS(J) n ([/ x 7), it is 
enough to show that SS($;7^^(9")) nV x d'y = for some neighborhood V of 0. D'Agnolo's 
estimate of the microsupport impHes that this is at least true at 0. 

Now suppose that such a neighborhood V does not exist. Then we can construct a sequence 
ixn,Cn) such that Xn — * and ^„ G SSx„ (^(7,7(9")) nc?7. Since both sets are invariant by 
M^o we can assume that \£,n\ = 1, hence by extracting a subsequence we can suppose that 
— > Since d'y and SS($f/^-y(5')) are closed we get by the estimate of the micro-support 
that there exists x G C/ such that (x,^) G SS([J') which is impossible by hypothesis. □ 

Finally, let us state an existence lemma for refined cutting pairs. 

Lemma 3.3.7. Let X be a real vector space and L C X a subspace of X . Then there 
exists a fundamental system of open conic neighborhoods 7 of {T^X)q such that for each 7 
there exists a fundamental system of open neighborhoods U of in X such that (C/, 7) is a 
refined cutting pair. 

Proof. This lemma is shown during the proof of Corollary 3.4 using Lemma 3.3 in [D'A|. □ 

We are now ready to give the refined version of the microlocal cut-off lemma along a 
linear subspace. 

Proposition 3.3.8 (Refined microlocal cut-ofT). 

Let X be a real vector space and L C X a subspace. Let ^ G ObD'^(fcx)- 

Then there exists a fundamental system of open conic neighborhoods 7 of {T^X)q in T^X = 

X* and for each 7 there exists a fundamental system of open neighborhoods U of 0, such 

that 

(i) the natural morphism u : <I>c/^^(9") — > 9" induces an isomorphism in D^^{kx,U x 7). 
(11) SS($c/,^(:J)) C X X 7 

(ttt) SS($c/,^(3")) n ^7 n 7r-i(0) C G ^7 I 3x G 17 : (x,0 e SS(3^)} where we have set 
SS($c/,^(3-)) = SS($c/,7(9")) nt*x. 

3.4 Morphisms in I)^{kx, {x} x S) 

In this section we will calculate the morphisms in the category D^{kx, {x} x 6) where 2; G X 
and 6 CT*X is & closed cone. More precisely we will show that the natural morphism 

is an isomorphism. In order to prove this, we will consider the composition 
limHORHom(<I>t/,^(J)t;,g) ^Hom^^ (J,g) Il%{x}x6, f,hom{3^,9)) {*)s 

U,-y ^' 

and show that it is an isomorphism. Here U runs through the family of relatively compact 
open neighborhoods of and 7 through the set of open cones containing 5. 

Proposition 3.4.1. Let X be a real vector space and consider a closed convex proper cone 
6 C X . Then the natural morphism 

limH"RHom($c/,7(9")c/,S) H"({0} x 6 , fihomiS' , 9)) i*)s 

l/,7 

is an isomorphism. Here U runs through the family of relatively compact open neighbor- 
hoods of and 7 through the set of open cones containing 5. 
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Proof. First note that since fiho'm{3', 9) is conic, we have 

H" ({0} X 6, nhomiS', S)) ~ lim H" {U x 7, /i/iom( J, g)) . 

Since 7 is open, convex and proper, we have by ||KS1| , Theorem 4.3.2 

H"(C/ X 7, ;u/iom(g", g)) ~ limH|ny(y,RJ{om(g^ij,g-g)) 

v,z 

where V runs through the family of open subsets of Ta^ {kx x X) ~ X x X such that 
V n Ax = U (i.e. = U) and Z through the family of closed subsets such that the 

inclusion Z C C/ x 7° holds ^. 
We have the following chain of isomorphisms 

RTznv{V,RJ{omiq^^3;q[9)) ^RT{V,RTznvR^omiq^'9^,q[9)) 

~ RT{V,R:Komi{q^^3^)znv,qi9)) ^RT{Ux X,RJ{om{iq2^3^)znv,qiS)) 
~ Rr {U,R%omiRqvXq^^3')znV, S) ^ RHom {{Rqv.{kznV ® g2~^^)l/> S). 
Hence we have 

H"({0} X 6,fihom{3',S)) ~ hml_imH" RHom ((Rgi^fczny «) g) . 

C/,7 V,Z 

Now fix U, 7 and Z. Then V contains a small relatively compact open neighborhood of 
of type U' X U' . Moreover we may assume by cofinality that Z is of the form s~^7° in a 
neighborhood of 0. Hence Z nV contains s~^7° CiU' x U'. We can therefore remove the 
second limit by replacing V H Z with s~^^° nU x U. Then we get 

RHom((Rgi!(W ® q2^3'))u, S) ^ RHom((R(7i!(s"^^° q2^3^u))u, 9) 
~ RHom((Rs,(gf ifc:;. g2"i:Jt/))c7, g) ~ RHom($c/,7(:?)l/, S). 

Therefore 

H"({0} X 6,fihom{3',9)) ~ l_imH" RHom ($c/,7(y)c/, S)) • 

(7,7 

□ 

Lemma 3.4.2. For any closed cone 6 C X consider the morphism [*)5. Let 5i,52 C X 6e 
two closed cones such that the morphisms {*)siA*)s2 o^nd {*)sj^n52 O'f^- isomorphisms. 
Then (*)5iu<52 ^■^ isomorphism. 

Proof. By Lemma ^.3.3 we get a morphism of distinguished triangles such that the vertical 
morphisms are given by (*)<5in<52 5 (*)<5i © (*)<52 (*)<5iu<52- Then the lemma follows from 
the Five Lemma. □ 

Proposition 3.4.3. Let X he a real vector space and consider a closed cone 5 d X . Then 
the natural morphism 

limH"RHom(«>c/,^(g-)c/,g) ^ H"({0} x 5,iihom{^S)) (*)<5 

l/,7 

is an isomorphism. Here U runs through the family of relatively compact open subsets of 
and 7 through the set of open cones containing 5. 

^Here Cax Z denotes the normal cone to Z along the diagonal Ax (see |KS1|, Definiton 4.1.1) and 7° 
denotes the polar cone of 7, i.e. 

7° = {s e X* I {y, x) ^ for all y £ 7.} 
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Proof. First suppose that 5 can be written as a finite union of closed convex proper cones. 
Note that the intersection of two proper, closed, convex cones is again proper, closed and 
convex. Therefore, if 5' is the union of n closed, convex, proper cones then the intersection 
of a closed, convex, proper cone with 6' can be written as a union of n closed convex 
proper cones. Using Proposition 3.4.1 and the previous lemma we can then easily show 



the proposition by induction on the number of closed, convex, proper cones that cover 6. 
Now let us consider the general case. Every closed cone is a decreasing intersection of 
closed cones 6i that can be covered by a finite number of closed convex proper cones^. 
Then {*)s = lim {*)s^ is an isomorphism. □ 

Theorem 3.4.4. Let X be a real manifold, x G X and 6 C T*X a closed cone. Then the 
natural morphism 



Horn 



(J, g) hO {{x} X 5, nhom{'J, S)) 



is an isomorphism. 



Proof. By the last proposition we know that the morphism is an isomorphism. There- 
fore the morphism of the theorem is surjective. 
Let us prove that it is injective. 

Let 3" — > S be a morphism of V)^{kx-,{x} x 5) that is zero in H°({x} x 5, /i/iom(3', S)). 
Then we may represent this morphism by a morphism 5"' — > S in D^(A;x) and a morphism 
5"' ^ 9" that is an isomorphism on {x} x 5. We get a commutative diagram 



Horn 



Id 



Horn 



Db(fe_y) 



(:?',S) 



Horn 



Db{*;jf ,{a;}xi) 



Horn 



Db(fc_y,{a.}x«) 



(J, g) ^ limRO Hom {^uri{'^)u. S) 



{3^'^ g) ^ limRO Hom ($c/,^(J')c/, S) • 

(7,7 



Using the diagram, we see that there exists (?7, 7) such that (^u,'){'^')u — > 9"' ^ S is the 
zero map in D^(A;x)- But $(/^^(3"');7 9"' is an isomorphism on {x} x 5, and therefore 
9"' — > S represents the zero morphism in Y)^{kx, {x} x (5). □ 



4 Microlocalization of constructible sheaves 
4.1 Microlocalization of M-constructible sheaves 

Consider the full triangulated subcategory D^_p(/cx) C D^(A;j!s:) and a subset S C T*X. 
There are two obvious ways to define the microlocalization of the derived category of 
M-constructible sheaves on S that we recall now. Set 

A/k-c,5 =AA5nD}^_,(/cx). 
Then the inclusion V)\_^{kx) C Vi^{kx) induces a functor 

V>l_,{kx)/Nn-c ,s Ti^{kx)/Ms = D^A;x,5). 

'^The proof is done by a simple compacity argument in For every p £ 5 choose a closed convex 

proper cone with angle e that contains p. Then a finite number of these cones, say ■^'i ^i ? • • • i 'Yn , will 
cover & and we set &\ = |J 7i. The next cone &2 is constructed by choosing for each point a closed 

z — 1, . . . ,n 

convex proper cone with angle e/2. Again a finite number will cover 5, say 71, . . . ,7m. Then we define &2 
as the union of all intersections 7i ("1 7^ and we proceed by induction. It is clear by construction that the 
intersection of the &i is the cone &. 
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Clearly the objects of the image of this functors are complexes in 'D^{kx,S) with M- 
constructible cohomology. But the functor is not fully faithful in general. For our purpose 
it will be convenient to work with the category D^_f.{kx)/Ms.-c,s as does Andronikof in 



||Anli , [lAn2|] 



Definition 4.1.1. We set 

Bljkx,S)=Bljkx)/ArR.c,s- 

Remark 4.1.2. Let us emphasize again that the natural functor 

B^_,{kx,S) ^-D''{kx,S) (4.1.1) 

is not fully faithful. Hence although the objects of D^_^{kx,S) have M-constructible co- 
homology, the category can not be identified to the full subcategory of D^{kx,S) whose 
objects have M-constructible cohomology. More precisely, let 3", S G D^_^{kx)- 

(i) A morphism ^ 9 in D^_^{kx,S) is represented by a morphism ^ S where 3"' 
has M-constructible cohomology sheaves and is isomorphic to 9" on S. 

(ii) A morphism — S in D^{kx,S) is represented by a morphism 3"' — S where 
3"' € D^{kx) is isomorphic to 3' on S. 

Therefore it is not obvious to compare morphisms in these two categories. 
Nevertheless note that for any 3" G D^_^{kx,S) we have by definition 3" ~ if and only 
if SS(?') n S = 0. Hence if J' — > S is a morphism in T>^_^{kx) we get that 3" — > S is an 
isomorphism in D^_^{kx, S) if and only if it is an isomorphism in D^{kx, S), hence if and 
only if there is a distinguished triangle in D^_^{kx) 

J 

such that SS(Di) H S = 0. More generally we get 
Proposition 4.1.3. The natural functor 



is conservative, i.e. a morphism 5" ^ S of Y)^_^{kx ^ S) is an isomorphism in T>^_^{kx, S) 
if and only if it is an isomorphism in D^{kx,S). 



Proof. We embed 3" ^ S in a distinguished triangle 

3^ 



in D^_^{kx,S). If 3" — 9 is an isomorphism in D^{kx,S) then ~ in D^{kx , S). 
Hence SS(3f) D S = 0. Therefore !K ~ in ci^x, S) and — > 9 is an isomorphism in 
Bl^{kx,S). □ 

However there are some situations when the functor (|4.1.1j ) is fully faithful. For in- 
stance, Andronikof remarked that the proof of Proposition |3.2.3| holds in the constructible 
case, hence 



Proposition 4.1.4. Let 3", 9 G B^.ci^x,?)- Then there is a canonical isomophism 



Homo. .„^(:T,9)^HVW(J,9)j 



and the natural functor 

Di_,{kx,p)^'D'{kx,p) 

is fully faithful. 
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4.2 The category D^_^{kx, {x} x 6) 

We will see that the natural morphism is a an isomorphism for orbits of and 

more generally for closed cones 6 in T*X for some x E X. 

Proposition 4.2.1. Let 3", S E D^_^{kx)- Then the natural morphism 

^""^Db .(fc^,{a;}x5)(9"' S) Homj3b(fc^_{^^^5)(3-, S) 

is an isomorphism. 

Proof. We may assume that X is a vector space. Note that if 3" E D^_^{kx), then ^u^^{3^)u 
is M-constructible for any relatively compact subanalytic open subset U B and any 
subanalytic open cone 7 C X. 

Then the results of Section 3.4 hold in the M-constructible case. More precisely, we see 
first (as in Proposition |3.4.3| ) that the composition 

limH°RHom(«>c7^(3")[/,g) — > Rom ^ ■ (^?, S) — ^ Horn ^ ■ (^?, S) 

f/,7 

— y H° [{x] X (5, nhom{'J, S)) 
is an isomorphism and then (as in Theorem 3.4.41 ) that the composition 

Horn ^ .(^,3) — ^Hom^ (^,3) — > H°({x} x ^, ^/iom(J, 9)) 

is an isomorphism. Since the second morphism of the last composition is an isomorphism, 
we get the result. □ 



Combining Proposition 4.2.1 and Theorem 3.4.4 we get the following theorem. 
Theorem 4.2.2. The natural functor 

Dr-c(^x, {x} X 5) ^ D^(fcx, {x} X 8) 
is fully faithful. Moreover for every 3", 3 E D^_^(fcxj {x} x 5) we have 

Homj,j._^(,^^^^j^^)(:T,g) ^HO({x} X 5,/i/iom(J,g)). 

4.3 Microlocally C-constructible sheaves 

Recall the microlocal characterization of complexes with C-constructible cohomology sheaves 
given in [ KSl| (Theorem 8.5.5). 

Proposition 4.3.1. A complex 3" in I}^{kx) has C-constructible cohomology if and only 
ifS'e B^_^{kx) and SS(3") is a -conic subset ofT*X. 

If 5 C T*X is a not necessarily -conic subset, then this suggests the definition of a 
microlocally C-constructible sheaf on 5 in as follows: 

Definition 4.3.2. (i) An object 7 E D^.^(A;x) (or D^.^(A;x,5") for S' D S) is called 
microlocally C-constructible on S i/SS(3") is C^ -conic on S. 

(a) We denote by T)Q_^{kx,S) be the full subcategory of T)^_^{kx , S) consisting of mi- 
crolocally C-constructible sheaves (on S). 
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Remark 4.3.3. Note that the category of microlocally C-constructible sheaves (on S) 
is different from the category D^_^{kx) / {■^J's f^^c-ci^^x)) (i-e. the microlocahzation of 
C-constructible sheaves). There is a natural functor 

Dc-c(fex)/(AA, nD^_,(fcx)) ^D^_,(A;x,5), 

but in general, an object in D]^_^.{kx,S) cannot be represented by a complex with C- 
constructible cohomology sheaves. One shall keep in mind that by definition an object 
in D^_(,(A;x, 5*) (the microlocahzation of M-constructible sheaves) is represented by an M- 
constructible sheaf on X. Since M-constructible sheaves can be defined by a microlocal 
property^, there also exists a natural definition of a microlocally M-constructible sheaf 
which we do not consider in this paper. 

Remark 4.3.4. Of course Definition [4.3.2| , (i) is equivalent to the statement 

(i) A sheaf J G D}^_,(A;x) (resp. J G D^_^{kx,S') for S' D S) is microlocally C- 
constructible on 5 if for every point p of 5 there exists an open neighborhood U of 
p such that U n SS(J) = ^7 n SS(3"). 

Obviously I)^_^{kx,T*X) = D^_^{kx) and ii x € X, then J G B^_^{kx) defines an object 
of D]^_^{kx , x) if and only if is C-constrcutible for some neighborhood V of x. 
However the category D^_^{kx,S) is not very easy to understand in general, especially if 
5 is not -conic. 

Lemma 4.3.5. Let J G B^{kx) and S C f*X 

(i) The object 3^ is microlocally C-constructible on S if and only if 3^ is micolocally C- 
constructible on M+S*. 

(ii) Suppose that S C T*X is -conic. 

Then 3^ is microlocally C-constructible on S if and only if "J is micolocally C-constructible 
in 7~^(C/) where U is a germ of a neighborhood of "f{S) in P*X. 



Proof. Statemen (i) is a consequence of Lemma 3.2.2 and (ii) follows from (i) and the fact 



that any M"'"-conic neighborhood of S contains a -conic neighborhood. □ 

Remark 4.3.6. There is an obvious functor D]^_^{kx ,C^ S) — D^_^{kx , S). One might 
ask the question whether or not a sheaf 3" of D^_^{kx,S) can be lifted to D^_^{kx ,C^ S) 
and if there is a tool to produce an object of D^_^{kx,C^ S) that is isomorphic to 3" on S. 
There does not seem to be an obvious answer as the following example shows: 
Consider X = C'^ and the sheaf 3" = Ccx{(o,o)} ® C{o}xRxMx{o}- Then 

Take p = ((0, 0, 0, 0); (0, 0, 1, 1)) G t*X. Then SS(3") = Cp in a neighborhood of p. 
But if [/ D C^p is an arbitrary neighborhood of C^p, SS(3^) is not C^-conic on U, hence 3" 
is microlocally C-constructible at p but not on C^p. However 3^ is isomorphic in D^_^{kx ,p) 
to the sheaf Ccx{(o,o)} which is globally C-constructible. The problem is how to construct 
Ccx{(o,o)} functorially from 3". It cannot be done by a cut-off functor which will always 
preserve the micro-support in a neighborhood of C^p. 

Hence microlocally C-constructible sheaves should be defined on P*X rather then T*X 



and Definition 4.3.2 will mostly be used for a C^-conic subset X. 



*An object J £ ^^{kx) is weakly R-constructible if and only if its micro-support is Lagrangian. 



23 



4.4 The category D^_^{kx, {x} x S) 
Proposition 4.4.1. The natural functors 

^c-c{kx, {x} x6)^ T^m.cikx, {x} x 5) D'^ikx, {x} x 6) 
are fully faithful. Moreover for every 3", S € D^_^{kx, {x} x 6) we have 
Homob ^(,^^^,^,^)(3-, S) ^ hO(C>^P, 9)). 



Proof. The first functor is fully faithful by definition, the second by Theorem 4.2.2. The 



second part follows again from Theorem 4.2.2| . □ 



5 Invariance by quantized contact transformations 



Let ^Ix C T*X be an open subset of a real manifold X. In ||KSl| , Kashiwara-Schapira 
showed that the category D^{kx,^x) (or more generally the prestack D^{kx, *)\qx) 
invariant under "quantized contact transformations". Let us briefly explain this statement. 
Consider real manifolds X, Y of the same dimension and open subsets ^x C T*X, fiy C 
T*Y. An M+-homogenous symplectic isomorphism 

X : 0.x 

is often called a contact transformation (although strictly speaking, the contact structures 
are defined on the projective bundles). Invariance under "quantized contact transforma- 
tions" means that locally we can construct from x an equivalence of categories 

<^oc- B''{kx,nx) ^B''{kY,nY). 

The equivalence is explicitly given by an integral transform and depends on the choice 
of a kernel X G D^ikyxx). The main result (|^S|], Corollary 7.2.2) is: 



Theorem 5.0.2. Let X,Y be two real manifolds, Qx C T*X, Qy C T*Y open subsets 
and 

X : — 

a real contact transformation. Set 



A 



Let px G ^x and py = x{Px)- 

There exist open neighborhoods X' of '^{px), Y' of TT{py), Q,'-^ of px, ^'y of py with 
n'x C T*X' r\9.x,^Y C T*Y' n Qy and a kernel X G B^{kyfy,x') such that: 

(1) X induces a contact transformation Q.'x ^'y, 

(2) 

((0'^ X T*X') U {T*Y' X 1^^")) n SS(3C) C A n (1^^ x 

for every open subsets Q."x C ^'x and = x{^x)' 

(3) composition with X induces an equivalence of prestacks 

<^jc = Xo: x*D^fc^, *)b^ ^D'^(V, *)|f7^, 

a quasi-inverse being given by ^x* whith X* = r^:R'Kom{X,ujyy^x\x) where r : 
Y X X ^ X X Y switches the factors. 
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(4) ssi^ocis-)) n 0^ = x(SS(3-) n 

(5) X*fJ'hom{3',9)\n^, ^ fJ'hom{<^x{3'),'^x{9))\Qy,. 

Remark 5.0.3. There is a slight difference to [|KSl l, Corollary 7.2.2 where the smaller 



open subset Q'^ is not introduced. For instance, statement (3) is stated as an equivalence 
of categories 

However, it is obvious that if we have the theorem for fixed X' ,Y' ,Q'^,Qy, then (1), (2), 
(4) and (5) are valid for any open subset Q'x C 0,'x and = xi^x)- The fact that (3) is 
valid on Q'j^ is based on the observation that (3) is essentially a consequence of (2) (plus 
some independent conditions on X, cf. | KS1[1 , Theorem 7.2.1). 



Now let us consider constructible sheaves. It is not immediately obvious that the 
equivalence (3) of Theorem |5.2.1 should induce an equivalence on the microlization of 



M-constructible (resp. on microlocally C-constructible or later on microlocally perverse) 
sheaves 

since the functor <I>x is not well defined on M-constructible sheaves. This problem can 



be solved at a point p G T*X by using the microlocal composition of [ KSl ]. In [ An2 ], 



Andronikof uses this tool to construct the functor Then one can treat a variety of 
kernels % but a priori, one can no longer work in an open neighborhood. 



However, under the hypothesis of Theorem 5.0.2, we do not need to use microlocal com 



position of kernels. We can always define the functor 

X*'Dljkx, *)\nx ^x*'D''{kx, *)b^ ^ Db(A:y, *)b^ 

and hope that it factors through D}|_(,(A;y, *)|r2y However, one has to beware that 
^R-ci^Y, * )\nY is not a full subprestack of D*'(fcy, * , hence it is not sufficent to show 
that $3<;(?') is isomorphic to an M-constructible sheaf in D^(/cy, *)|r2y We encounter this 
problem in Section 5.1 (see Theorem 5.1.2|) . 



5.1 Quantization of M-constructible sheaves 

Recall the definition of the full subcategory N{Y, X, Sly , Ox) of B^{kYxX,^Y x T*X). Its 
objects are kernels IK on y x X such that 

(i) ss(ac) n (ny x t*x) cQy x^x 

(ii) The projection pi : SS(3C) n (fiy x T*X) — > fiy is proper. 

U V = TTxi^x) is a subanalytic relatively compact open subset of X we set 

NK_c(y, X, nY,nx) = N(y, x, nY,nx) n D^_,(A:yxx, x t*x). 

Definition 5.1.1. Let X G Nt>-c{y, X^Y Mx) ■ We define the functor ^^'^ as 

Bl_^{kx,nx) ^'Dl_^{kY,nY) ; J^OCoJ^. 

Note that XoS^y is M-constructible since V is subanalytic and relatively compact. We 
may visualize the situation by the following diagram 

Bl^{kx,nx)^Bl^{kYMY) 



Db(fex,J^x)^^Db(fey,f]y). 
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The square is commutative up to natural isomorphism since the natural morphism 3" — > S^y 
induces an isomorphism 3C o 9" — > 3C o ^Jy in D^(/i;y, Oy). 

Now suppose that X G Nk_c(Z, y, 0^, fiy) and XL G N]R_c(y, X, fiy , fix)- Then their com- 
position XoL is well defined in N(Z', X, Jl^, r^x) but not necessarily in Nir_(,(Z, X, 0^, Ox)- 
Note however that by definition H € D^{kYxX, x Hence, if we set W = vry (Jly), 

we do not distinguish between L and ^y/y^x in G N(y, X, ily , fix)- In other words we 
get a natural isomorphism 

Xo > X o ^y^y^x 

in D^{kzxX,^z x T*X). Then we get natural isomorphisms 



Hence, the theory of microlocal kernels (Section 7.1. of |KSl l) works well in the 



constructible case if we restrict ourselves to relatively compact subanalytic open sets. 

Finally suppose that ^I'x C Qx, ^'y C l^y and that X G N^.^Y, X,0,y ,^x) H 
NR_c(y, X, Oy , fi^). Then we get a diagram 

Bljkx,nx)^T}ljkY,nY) 



Bljkx,n'x)-^Bl^{kY,n'y) 

that is commutative up to natural isomorphism induced by {3^y)yT — S'yr where V' = 

Now suppose that we are given a contact transformation 

X : ilx —'^Y 

where we assume that 'k{Qx),'^{^y) are relatively compact subanalytic open sets. If there 
exists an object X such that X G N^_c{Y, X , , ^I'x) for all open subsets C fix and 
= xi^'x) then we get a commutative diagram of functors of prestacks 



All compatibility conditions are easily verified by diagram chases. 

We are now ready to quantize M-constructible sheaves. All we need to know is that the 
kernel produced in Theorem 5.0.2 can be taken M-constructible. 

Theorem 5.1.2. Let X,Y be two real manifolds, Qx C T*X, Qy C T*Y open subsets 
and 

X : ^x ^^y 

a contact transformation. Set 



A 



{{{y;v),{^;0)^^Yxn'j, I {y,v) = x{x,-0}- 



Let px G ^x and pY = x{Px)- 

There exist open neighborhoods X' of tt{px), Y' of ii{py), ^'x ofpx, ^'y of py with 
n'x C T*X' n nx, Q'y C T*Y' n Qy, and there exists X G D^.^(fcy'xX') such 
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(1) X induces a contact transformation $7^ — > Qy, 
(2) 

(p'i. X T*x') u (r*y' X n ss(X) c A n x 17^'') 

for every open subsets C ^l'^ and ^ly = xi^x)' 

(3) composition with % induces an equivalence of prestacks 

ond $!^^ defines a quasi-inverse where %* = r^ K'Kom{X,ujYy,x\x) andr : Y xX 
X xY switches the factors. 

(4) ss{^^%^)) n = x(ss( J) n n';,), 

(5) x*^/iom(J,g)!f,, ~^/iom(cI>3^(J),cI>3c(g))b' . 



Proof. Let us show that in the situation of Theorem |5.0.2| we can choose the kernel to be 
% M-constructible. 

First assume that A is the conormal bundle of a smooth hypersurface S dY x X . Then 
one can take the kernel % = ks (cf. [[KS1 |, Corollary 7.2.2). Recall that locally x ™ay be 



decomposed as 

X = Xl°X2- ^x — >^z — 
where the Lagrangian manifold Aj associated to the contact transformation Xi is the conor- 
mal bundle to a smooth hypersurface Si. By shrinking i^x and we may assume that 
TTziP-z) is subanalytic and relatively compact. Then oA;5'2n(7rz(f2z)xX) is M-constructible 
and satifies (1), (2), (4) and (5) of the theorem (cf. ||K^ , Corollary 7.2.2). 



Moreover we know that ^i^"*^ and are well-defined and that they are quasi-inverse 
functors in the non-constructible case. 
By definition, we have 

VxY 

Recall that there is a natural isomorphism 

feAx — ^ 3C o %* 

m 

T)^{kx,^x)- Hence we get an isomorphism 

k^^ — ^XoX* — ^XoX^^^ (5.1.1) 

in T)^{kxi ^x)- It is sufficent to prove that this morphism is well defined in V)\_^{kx, ^x)- 
Denote by (?i2)9i35 923 the obvious projections from X x X x Y . We get a commutative 
diagram 



that is defined in V)^{kx)- Note that the lower part is well-defined in V)\^{kx)- All 



morphisms become isomorphisms in D {kx,^x) (cf. ||KS1| , Theorem 7.2.1). Since the 
natural functor V)\_^{kx-,^x) —> ^^{kx^^x) is conservative, this shows that ( ^.l.lD is 
well-defined in J}\_^.{kx-,^x)- 

Similarly one shows that the kernel R5fom(3C, wxxrix) defines a right inverse of % 
which proves that ^^""^ is an equivalence. Then <I>!|^f is actually a quasi-inverse since it is 
a left inverse of an equivalence. □ 
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5.2 Quantization of C-constructible sheaves 

It is now easy to transfer the results of the last section to microlocally C-constructible 
sheaves. 

Consider complex manifolds X, Y of the same dimension and open -conic subsets i^x C 
T*X, C T*Y. We will call a -homogenous symplectic isomorphism 

X : 0.x 

a contact transformation (omitting "complex" since we will never consider real contact 
transformations when dealing with microlocally C-constructible sheaves). Then we get 
the analogous statements of Theorems ^.0.2 and ^.1.2 by replacing open sets with C^- 
conic open sets. Let us give the precise formulation only in the case of microlocally C- 
constructible sheaves. 

Theorem 5.2.1. Let X,Y be two complex manifolds, Ox C T*X, Qy C T*Y open subsets 
and 

X: — >^Y 
a homogenous complex contact transformation. Set 

A = {((y; v), {x; 0) e x Q'j, \ {y, r?) = x{x, -O}- 

Then A is -conic. Let px G and py = x{Px)- 

There exist open neighborhoods X' of Tr{px), Y' of7r{py), -conic open neighborhoods 
of C'px, of C^pY with n'x C T*X' n nx, n'y C T*Y' n Qy and a kernel 
X e B^.cikY'xX') satisfying 

(1) X induces a homogenous contact transformation x ■ ^'x ~^ ^Y> 

(2) 



{^'^ X T*X') U {T*Y' X ^^^") j n SS(X) C A n (1^^ X 
for every C-^ -conic open subset C and = xi^'x)' 

(3) the functor induces an equivalence of prestacks 

(4) ss(<i>^-(:j)) n ^'^ = x(ss( J) n ^'^) 

(5) x*l^hom{3^,9)\n'^ fihom{'^^%^),'^^%9))\n^, . 

Proof. Since by definition D]^_^{kx, ^x) is a full subcategory of D^_^{kx, ^x)^ it is enough 
to show that for any J G B]^_^{kx,^x) the object <1>!|"'^(9") is an object of D^_^{kY,^Y)- 
Hence we have to show that SS(<I>(9")) is C^-conic on rjy. Since x is C^-homogenous this 
is easily verified by the formula 

ss($!|-'=(g-))nJ^:^ = x(ss(3-)nJ^';). 

□ 
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6 Microlocally complex constructible sheaves on C^p 



Let p G T*X. As a special case of Proposition 4.4. 1| we get that the natural functor 



D^_,(A;x,CXp)^Db(A;x,CXp) 

is fully faithful. Moreover, morphisms in D^{kx,C^p) between microlocally C-constructible 
sheaves IF, S G ^c-ci^x, C^p) are given by sections of fj,hom{3', S) on C^p. 
In this section we will give a description of the objects of D^_^{kx,C^p) using quantized 
contact transformation and the generic position theorem. More precisely we will show in 
Section 6.1 that if 3" is microlocally C-constructible on C^p and SS(9") is in generic position 
(i.e. SS(9")nC^p is isolated in ■7T~^7r{p)) then 5" is isomorphic in D^{kx,C^p) to an object 

It will often be convenient to fix an M"^-conic Lagrangian variety A in T*X and to 
consider only sheaves whose micro-support is contained in A. We introduce the following 
categories: 

Definition 6.0.2. Let A C T*X be an -conic Lagrangian variety defined in a neighbor- 
hood of a subset S C T*X. Then we define the following two categories: 

(1) D^_^ ^(/cx, -S*) C T^\_^{kx,S) is the full subcategory of D^_^{kx, S) whose objects 3^ 
satisfy SS(9") C A in a neighborhood of S. 

(2) ^l.cA^x,S) = I}tc{kx.S)rM}l_^^^{kx,S). 

Of course, the second definition is only of interest when S is -conic and A is -conic 
on the subset S. 

6.1 Microlocal complex constructible sheaves in generic position 

Definition 6.1.1. Let p € T*X and A C T*X be an MJ^-conic Lagrangian subset such 
that A is 'C^ -conic in a neighborhood ofC^p. We say that A is in generic position at p if 

An7r-i(^(p)) C C'p 

in a neighborhood ofC^p. 

Remark 6.1.2. If A is in generic position at p, then A is C^-conic in a neighborhood of 
C^p by definition. Hence either A n 7r~^(7r(p)) C C^p or A n 7r~^(7r(p)) = 0. Moreover, 
being in generic position is an open property. Also note that if A is in generic position 



then it is in generic position in the sense of [[KK| , Chapter 1.6 where A is supposed to be 
only locally C^-conic in a neighborhood of p. 

Proposition 6.1.3. Let A C T*X be an M'^ -conic Lagrangian variety that is -conic in 
a neighborhood ofC^p. Suppose that A is in generic position at p. Then there exists a 
fundamental system of conic open subanalytic neighborhoods 7 ofC^p in T*^_^-^X and for 
each 7 a fundamental system of open relatively compact subanalytic neighborhoods U of 
7r{p) such that 

(1) the microlocal cut-off functor <I>(7,^ : V)^{kx) jS^{kx) induces a functor 

^Un ■■ Dc-c,a(^x, f/ X 7) ^ D^_,(A;x, C^p), 

and this functor factors as 

^un ■■ ^^c-c,Aikx,Ux 7) D^cJkx,7T{p)) D^.,(A:x,CXp). 
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^C-ci^XjC-^p) is the natural functor. 



(2) There is an isomorphism of functors ^{7,7 — l where l : Di^_^ j^(kx,U x 7) 

lb 



(3) SS ($[7,^(3")) n 71-1 (y) = SS(9") n (y x 7) for sufficently small open neighborhoods V 
of7r{p). 

(4) SS(<I>[7,-,(9-))n7^~i7r(p)cCV 

Proof. Since the functor ^u,'y sends 'D^_^{kx) to D^_^{kx) (cf. Proposition 4.2.1J ), it induces 

$C7,7 : ^R-cikx, U xj) ^ ^R-cikx, Uxj). 

Since SS($[7^7(3")) n ?7 x 7 = SS(3~) n C/ x 7 the functor ^u,'y preserves microlocally C- 
constructible sheaves and we get the functor of (1) as 

$C7,7: B^c-cikx,Uxj)^Dljkx,Uxj)^D^cJkx,C''p). 

Recall that there exist a fundamental system of conic subanalytic open neighborhoods 
7 of C^p and for each 7 a fundamental system of relatively compact subanalytic open 
neighborhoods U of 7r{p) such that (U, 7) is a refined cutting pair. If 7 is sufficently small 
then 7n7r~i7r(p) n A = C^p. Next we choose U sufficently small such that Und^CiA = 0. 
Then (2) follows from the refined micolocal cut-off lemma, (3) from Corollary 3.3.6| and 
(4) from (3). 

Finally let us prove the factorization of (1). For this purpose let us first write ^c-c xi^x, U x 

7) as a localization of a full subcategory of 'D\_^{kx)- 

Denote by D^_c,a,C7x7(^^) the full subcategory of V)\_^{kx) such that 

ss(:j) n [/ x 7 c a. 

The category Dk_c,a,C7x7(^x) obviously a full triangulated subcategory. Now we local- 
ize D^_^^^ (^^^(/cx) by complexes whose micro-support is disjoint from [/ x 7 (hence by 
-MR_c,f7x7)- Then we get a natural functor 

Dr_c,A,C7x7(^x)/A/'r-c,C7x7 ' D^-c,a(^X, U X-f). (6.1.1) 

li'J (^T}\_^j^ jj^^{kx) and 

(ss(g") n [/ X 7) c (An[/X7), 

then any object 3^' that is isomorphic to J' on [/ x 7 is also an object of D^_c.A,t7x7(^^)- 
Hence we get that ( 6.1.1| ) is an equivalence. 

By assumption A is C^-conic in a neighborhood of C^p. Hence we may assume that A is 
C^-conic on [/ X 7. One can show that if SS(?') C A then SS(9') is C^-conic on {/ x 7 (cf. 
Theorem 8.5.5 of | KS1|] ). Let us recall the idea of the proof. First one shows that SS(?') 
is open in A (on [/ x 7) and therefore locally C^-conic, i.e. for every C^-orbit S the set 
SS(g") n 5 n [/ X 7 is open in 5 n [/ X 7 (Lemma 8.3.14 of iKSl). Then, by Proposition 



8.5.2 of [ KSl ], one gets that A is C-analytic on C/ x 7. Hence A is C-analytic and M"'"-conic 
and therefore -conic. 
Thus, we get the equivalence 

Dr_c,a,C7x7(^x)/A/'r-c,c/x7 - Dk-c,a(^x, C/ X 7) ~ D^_,_^(/cx, U X-f). 
By (3) and the assumption that A is C^-conic in a neighborhood of C^p we get the functor 

DM-cAi/x7fe)^Db_^(A:x,7r(p)) 

for sufficently small (C/, 7). If 3" G Dm_c,a,(7x7(^^) n-MR-c,C7x7 then again by (3) 3 is zero 
in D£_g(A;x, vr(j»)). Hence we get the factorization of (1). □ 
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Lemma 6.1.4. In the situation of Proposition 6.1.$ , suppose that we have two pairs 
{V,6) C {U,j) such that (1),(2),(3),(4) are satisfied. Then the natural morphism 

is an isomorphism in Dj^_^(A;x, vr(p)). 

Proof. Embed the morphism in a distinguished triangle 

^vA'^) ^uni"^) 'K 



in J}\_^{kx). We want to show that "K is isomorphic to zero in a neighborhood of vr(p). 
First note that we have SS(I>{)nF x5 = because ^>y,5(9") — (^u,'y{'3^) is an isomorphism 
on F X (5. By (3), there exists an open neighborhood V' dV it{p) such that 

SS($y,5(J)) n ii-^{V') = SS(3") n {V x 5) 

and 

ss($c/,7(^?)) n ii-^{v') = ss(3") n {V x 7). 

However if we take V sufficently small then we will show that 

SS($[/,7(9")) n ii'^iV) = SS(3") n {V' x 5). 

Indeed suppose that this is not possible. Then we can construct a sequence E T*X 

such that Xn — > 7r(p) and ^„ G 7 \ (5 and |^„| = 1. By extracting a convergent subsequence, 
we get a point (vr(p),^) € SS($;7_^(5')) R {7r(p)} x (7 \ 5). But this is impossible because 
by (4) we have SS($c7,7(^?)) n ^-^^{p) = C^p. 
Hence 

SS(J{) n ii''^{V') C (SS($y,5(3") U SS($c/,^(3")) n ii-^^{V') aV' x5 
and therefore SS{'K) n ^"^^0 C T*^X. But if V is sufficently small then 

SS(J{) f^V' c (SS($y,5(3-) U SS($[/,^(3")) n c ^(A) n V' 

where vr(A) is a closed hypersurface and we can conclude that IK ~ by involutivity of the 
micro-support. □ 

Theorem 6.1.5. Suppose that A is in generic position at p. Then the microlocal cut-off 
functors induce a fully faithful functor 

CD: D^.,,^(A;x,CXp)^Db.^(A:x,vr(^,)) 

Proof. We obviously have the equivalence 

21im DVc,A(fcx, C/ x 7) ^ Dc-c,A(fcx, C><p). 

We may assume by cofinality that {U, 7) is a sufficently small refined cutting pair such that 
Proposition 6.1.3 holds. By Lemma |6.1.4 the functors <I>;7^^ of Proposition 6.1.3 induce a 
functor 

^ Db_^,^(A;x,CXp)^Db_^(A;x,vr(p)). 
Let us show that <I> is fully faithful. 

Let 3", g G D^_^^(/i;x,CXp). Note that by Proposition [6T3| if J{ ^ 3" is an isomorphism 
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on C^p then ^u,-yi^) — > ^U,'y{3') is an isomorphism at 7r(p) for sufficently small (C/, 7). 
Consider the following chain of morphisms: 

Horn ^ (J, 9) = lim Hom ^ (IK, S) 

iso on C^p 

^ hm Horn {^u,^{:K),^u,j{9)) 

iso on 7r(p) 

^ lim Hom^,^^^^(JC',$^,,g)=Hom (^^..C?), <^>^,.(S)). 

iso on 7r(p) 

We have to check that the composition is an isomorphism for a sufficently small cutting 
pair {U,-f). 

Consider a morphism "K' ^u,'r{9) and an isomorphism "K' ^i/^-y{3^) on 7r{p). Then 
SS(!K') = SS(<^t/_^(J')) in 'ir~^{V) for some neighborhood V of vr(p) and in particular 
IK' G B^_^j^{kx,C^p), hence $[/,^(IK') ^ IK' is an isomorphism in Tr{p). Then IK' 
^u,'y{9) ^ 9 is sent to $(IK') ^{9) which is the same morphism in DQ_^{kx,T^{p)) as 
IK' $^_^(S). Hence the map is surjective. 

Let us show that it is injective. If <I>;7^^(IK) — > ^u,'y{9) is zero in DQ_^{kx,C^p) then there 
exists X and an isomorphism X <I>(/_^(IK) — > ^u,'r{3^) on tt{p) such that X — > <I>(IK) — > 
<I>(S) is the zero morphism. Then X <I>(IK) ^ IK — > is an isomorphism on C^p and 
X ^>(IK) ^ IK ^ g is zero hence IK ^ S is zero in D^_^(A;x, C^p). □ 



Remark 6.1.6. Note that 



Dc-c(^*).(p) ^Dc-c(^x,vr(p)), 



where DQ_^{k^ ) denotes the prestack U 1-^ DQ_^{ku). In particular we get the fully faithful 
functor 

Bl,^^{kx,C''p) ^B^c-cik^Up). 

Also recall that j^{kx , p) is additive (because of the triangular inequality for the 
micro-support). Hence ^{kx,C^p) is a full additive subcategory of DQ_^{k^)^(^py 
Therefore we have shown that if we are given IT G B^_^{kx,C''p) such that SS(y) IS m 
generic position at p then there exists an object U" G D^_^{kx) that is C-constructible in a 
neighborhood of vr(p). Moreover we can construct in a functorial way. 

6.2 The generic position theorem 



Let us recall Kashiwara-Kawai's generic position theorem (cf. HKKj , Chapter 1.6) 



Proposition 6.2.1. Let p G T*X and A C T*X be an W'^-conic Lagrangian subset such 
that A is -conic in a neighborhood ofC^p. Then there exists a complex contact trans- 
formation 

X : T*X T*X, 

defined in a neighborhood ofC^p, such that x{^) is in generic position at q = x{p)- 

Proof. Kashiwara-Kawai show this result on a neighborhood of p for locally -conic 
Lagrangian varieties assuming only that A PI 7r~^7r(p) = C^p in a neighborhood of p. 
Hence if we suppose that A is C^-conic in a neighborhood of C^p, we get that x(^) is in 
generic position at q since x is -homogenous. □ 
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Remark 6.2.2. Consider a microlocal complex constructible sheaf 3" € D]^_^{kx ,C^p). 
By the generic position theorem and invariance under quantized contact transformations 
we can find a contact transformation x ■ T*X T*X defined in a neighborhood of C^p 
and an equivalence of categories 

such that SS($^"<=(5')) = x(SS(9')) is in generic position at q. Then $^"'^(?') is functori- 
ally isomorphic in D^_(,(fcx, C^q) to an object of Hence many problems in 

Dc-c(^^' '^^^') '^^^ reduced to the study of germs of complex constructible sheaves in 
generic position. 



7 Microlocal perverse sheaves in D^.j.(A;x, 5*) 

7.1 Andronikof's prestack of microlocally perverse sheaves 

In this section we will first recall Andronikof's definition of the prestack of microlocal 



perverse sheaves. In ||An2[ he suggests a definiton of a microlocal perverse sheaf on an 
arbitrary subset S of T*X which is based on the microlocal characterisation of perverse 
sheaves (see Proposition |7.1.1| below). However he is not very precise concerning C^- 
conicity. In particular the proof of his main tool (Proposition 3.2) is incomplete under the 
given assumptions. 

Hence we will recall a slightly more precise version of his prestack and we will restrict 
ourselves from the beginning to C^-conic sets. Moreover we will add complete proofs to 



the statements of |An2| which hold in this case. Also while Andronikof restricts his studies 
to points and C^-orbits we will work from the beginning with the entire prestack. 



In ||KS2[ we find the following microlocal characterization of perverse sheaves. 
Proposition 7.1.1. Let 3" G DQ_^{kx)- Then we have equivalence between 
(PI) 3^ is a perverse sheaf. 

(P2) For every non-singular point p o/SS(?') such that the projection ir : SS{3^) —i- X has 
constant rank on a neighborhood of p, there exist a submanifold Y C X and an object 
M G Mod(A;) such that 3" ~ My [dim y] in D^{kx,p). 

(P3) The assertion (P2) is true for some point p of any irreducible component o/SS(?'). 

This naturally leads to the following 

Definition 7.1.2. Let S C T*X be a -conic subset. 

(i) A sheaf 'J G D^_^(/cjs:) is called microlocally perverse on S, if it is microlocally C- 
constructible on S and there exists an open neighborhood U of S such that for every 
non-singular point p of SS(3") fl U such that the projection ir : SS(3") — > X has 
constant rank on a neighborhood of p, there exists a submanifold Y <Z X and an 
object M G Mod(A:) such that 3" ~ My [dim in D^{kx,p)- 

(a) We will denote by T)pgj.^{kx , S) the full subcategory of T>Q_^{kx , S) whose objects are 
perverse on S (i.e. which may be represented by a microlocally perverse sheaf on S). 

(Hi) In particular if^ C T*X is an open -conic subset, we get the category T}^^^^^{kx-, 
Clearly this defines a prestack of categories on P*X, denoted by Dp^j.^{kx, *)■ This 
is Andronikof 's prestack of microlocal perverse sheaves. 

33 



(iv) Let A C T*X he an Mf^ -conic Lagrangian variety that is -conic in a neighborhood 
ofC^p. Then we set 

Dperv,A(fcx,C>^p) = Db_^,^(fcx,C>^p) nD^^„(A;x,CXp). 

Proposition 7.1.3. Let p £ T*X. The stalk of Andronikof's prestack at ^{p) is precisely 
the category T)pQj.^{kx,C^p)- 

Proof. Consider the functor 

21im D^erv(fcx, U) Dl,^{kx,C''p). 

C^pCUcf*X 
U C>< -conic 

It is essentially surjective by definition of DpQj.^{kx,'C^p)- 

The proof that it is fully faithful is analogous to Proposition 3.2.5 and Corollary ^.2.6| . □ 



Proposition 7.1.4. The duality functor 

D : D^.,(fcx) ^m.cikx) ; 3" ^ RJ{om{3^, lox) 
induces contravariant equivalences of prestacks 

D: D^_,(A;x, *)^D^.,(A:x, *), 

D: Db^„(/cx,*)^D^,,,(/cx, *). 
Proof. The first functor is well-defined because SS(D9") = SS([J'). 

Let p G SS(3') such that J ~ My [dim X] in T)\kx,p). Then DJ ~ D My [dim y] in 
J}^{kxiP) since D is an anti-equivalence in J}^{kx,p)- But D My [dim y] ~ My[dimy]. 
Hence the second functor is well-defined. 

The two functors are equivalences because = Id in 'D\_^{kx). □ 

Andronikof's prestack is invariant by quantized contact transformations: 

Proposition 7.1.5. Let X,Y be two complex manifolds, Ox C T*X, Qy C T*Y open 
-conic subsets and 

X : ^x 

a contact transformation. Set 

A = {((y;r?),(x;e)) efiy xfi^ I {y,v) = x{x,-0}- 

Then A is -conic. Let px G and pY = x{Px)- 

There exist open neighborhoods X' of'K{px), Y' of tt^py), -conic open neighborhoods 

of C'px, ^Y of C^pY with n'x C T*X' n nx, n'y C T*Y' n Qy and a kernel 
X e B^_^{kY'xX') satisfying 

(1) X induces a homogenous contact transformation Q.'^ — > Q.'y, 

(2) 

{iSl'l. X T*X') U {T*Y' X n SS(3C) C A n x Q.'^"") 

for every -conic open subset C il^ and = x(^x)' 
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(3) the functor ^>^-' 



induces an equivalence of prestacks 



Dperv(V,*)bi 



(4) ss($p,^"(:j)) n n'{. = x(ss( J) n n'j,) 

Proof. It is enough to show the proposition in the case in which A is the conormal bundle 
to a smooth hypersurface S and we can choose % ks- Then the fact that ^^""^ preserves 
microlocal perverse sheaves follows from Proposition 7.4.6 of |KS1|. □ 



7.2 The abeHan category Y)\^^^{kxX''v) 

In general, one does not know much about the category V)^^^^{kx-,S) even if S is 



conic. In | An2 |, it is announced that if p € T*X, then Dpgj.y(X,p) and J}^^^^{X,C^p) are 
abelian. While we do not know if this is true for Dpg„(X,p), we will give a proof here for 
the category D^<,,^(X,C^p). The main tools for the proof have been developped in Section 
6. 

We will fix a point p € T*X and an M^"-conic Lagrangian subvariety A which is C^- 
conic in a neighborhood of C^p. 

Proposition 7.2.1. Suppose that A is in generic position at p. Then the functor <I> of 
Theorem 6.1.1 induces a commutative diagram of fully faithful functors 



Dperv,A(fcx,CXp) Perv(X),(p) . 

Proof. It is sufficent to prove that if 3" G Dpp„(A;x, C^p) then ^(3) is perverse in a 
neighborhood of '/r(p). Since we have 

ss($(:j)) n n-\v) = ss{3) n (y x 7) 

for some small neighborhood y x 7 of C^p, we get the result by the characterization of 
perverse sheaves (cf. Proposition [7.1.l|) . □ 

Also note that Dp^j.^^^{kx,'C^p) is additive. Hence 'D^gj.^ j^{kx,C^p) is a full additive 
subcategory of Perv(X)jr(p). In order to prove that it is actually a full abelian subcategory, 
we will need two lemmas: 

Lemma 7.2.2. Let 99 : 3 ^ ^ be a morphism of perverse sheaves such that SS(9")USS(9) C 
A in a neighborhood of p. Then SS(ker((^)) U SS(coker((/?)) d k in a neighborhood at p. 

Proof. Recall d^STJ, Exercise X.6) that the micro-support of a C-constructible sheaf 3 G 
(,(/cx) can be calculated as 

88(3") = y Pff(3-) 
where Pff(?') denotes the i*^ perverse cohomology sheaf of 3". 

Let (/? : 3" — > S be a morphism of perverse sheaves. We embed it into a distinguished 
triangle 

3 -S -?{^- 
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Then we consider the canonical distinguished triangle 

pt^-1(:>{) — - — - Pr>0(:>{) 

where Pt^~^^t?t^^ denote the perverse truncation functors. Then Pr^~^(Jf)[— 1] is the 
kernel and Pr^'^(J{) is the cokernel of 93. Therefore 

SS(ker(^) USS(coker(^) = SS(:K) C 88(7) USS(g). 

□ 

Lemma 7.2.3. Let A be in generic position at p. 

Consider a morphism 5" ^ 9 ofT)p^j.^jy{kx,C^p)- Let ^{3^) *^'(S) be the corresponing 
morphism in PerVjr(p) and L ^{3') a kernel (resp. <&(S) ^' a cokernel) in Perv^(p). 
Then <5('C) (resp. ^{1^') — > ^' ) is an isomorphism in Perv^^p^. 

Proof. The proof follows the same idea as the proof of Lemma |6.1.4 

Fix such that $(J) ~ $c/,7(9"), ^(S) ^ ^C/,7(S) and $(£) ~ ^u^i^)- Embed 

^l/^.y{ii) ^ in a distinguished triangle 

^uni^) — ^ a — ^ J{ 



Then there is an open neighborhood V C U of tt{p) such that 

ssi'^uni^)) n ir-\v) = S8(L) n y X 7. 

Moreover, by Lemma [7.2.2| , we have 

8S(/:) n ir-\v) c 8S($c/,^(3")) u 8S($£/,^(g)) n ^-^(y) c A n y X 7. 

Hence if V is sufficently small we get 

8S(£) n7^-^(y) c AnF X 7. 

Since ^u^^{ii) —> XL is an isomorphism on [/ x 7 we get that 8S(;K) f] V x j = and 
therefore '8S(:>{) C TJX on V. Then 

8S(:k) nv c (8S(£) u 8S($c/,^(£))) nv c tt{A) n v. 

Since A is in generic position, locally at Tr{p) the set vr(A) is a closed hypersurface. Therefore 

the involutivity of the micro-support implies that !K ~ in a neighborhood of 7r(p). 

The proof for the cokernel is similar. □ 

Proposition 7.2.4. The additive category D^gj.^^^{kx,'C^p) is equivalent to an abelian 
subcategory of Perv^^^) . 



Proof. By Lemma 7.2.3 the full additive subcategory Dperv,A(^^) C^p) is stable by kernels 
and cokernels. Since it is a full subcategory, it is abelian. □ 

Lemma 7.2.5. Let A be a -conic Lagrangian variety (we do not ask A to be in generic 
position atp). ThenDp^„ j^^{kx,C^p) is abelian. 

Moreover if A' is another -conic Lagrangian variety with A C A', then the natural 
functor 

Dperv,A(A;x,C><p) Dj,„,^,(A;x,C><p) 

is exact. 
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Proof. Consider A C A'. Let x be a canonical transformation such that x(^') is in generic 
position at q = xip)- Then x(^) is also at generic position at q and we get a diagram 



perv 



,A(fcx,CXp) 



D 



perv,x(A)(^^'*^''«) 

/3 



Perv(X) 



D 



perv 



,A'(^X,CXp) 



Dperv,x(A')(^^'C"'?) 



Perv(X), 



(9)- 



This diagram is commutative up to isomorphism. The horizontal functors are exact and 
fully faithful. By Proposition |7.2 .4| the categories Dperv.x(A)(^A:, C^g) and Dperv,x{A')''^^' 
are abelian subcategories of Perv(X)^(^) . Hence f3 (and therefore a) is exact. □ 

Proposition 7.2.6. The category D^^j.^{kx,'C^p) is abelian. Moreover, for every germ of 
a -conic Lagrangian variety A C T*X defined in a neighborhood ofC^p, the inclusion 
functor 



D 



perv, 

is exact. 
Proof. We have 

21im D^,„,^(A:x,CXp) ^D^,„(fcx,CXp). 

ADCXp 

Filtered 2-colimits of abelian categories with exact restriction functors are abelian. 



□ 



Now let us prove the following "lifting property" for kernels and cokernels of microlocal 
perverse sheaves: 

Proposition 7.2.7. Let (f : 3" ^ S be a morphism in Dp^^^{kx,'C.^p). Then there exists a 
neighborhood V ofC^p, objects G Dpg„(A;x;^) and morphisms X ^ 9 ^ %' in 

Dpgj,y(/cx, V) such that these morphisms induce kernel and cokernel off in Dpgy.^{kx,'C-^q) 
for all q £ V. 

Proof. Choose a Lagrangian variety A such that SS(9^) U SS(9) C A in a neighborhood of 

By the generic position theorem, we can find a contact transformation defined in a -conic 
open neighborhood of C^p 

X: {T*X,C'^p) — >{T*X,C'^p') 

such that x(^) is in generic position at p' . Then x(^) is isomorphic to the conormal 
bundle to a closed hypersurface in a neighborhood of C^p' . In particular, there exists a 
C^-conic open neighborhood V of x(^) such that x(^) is in generic position at any point 

of x(A) n v. 

By Proposition 7.1.5 , we can assume that A is in generic position at any point in a C^- 
conic neighborhood of C^p. 
Consider the functor 

^ : D|^crv,A(^x, C^p) — > Perv^(p) . 

Choose (t/, 7) such that the morphism <I>(9") ^{9) is defined as <^u^^{3^) ^u,"i{?>) in 
Perv(y) for some small neighborhood V of vr(p). Let L — > ^u,'){'3^) (resp. $(7,7(3) — > 
be a kernel (resp. a cokernel) in Perv(F). Choose a C^-conic open neighborhood of C^p 
such that 17' C n y X 7. We will show that L ^u,'y{3') (resp. ^u,'y{9) is a 
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kernel (resp. a cokernel) in Dp^j.^jy{kx,C^q) for all q in O'. 
We have distinguished triangles in D^{kx) 



and 

^[1] — 

where £j is the kernel (resp. the cokernel) of <I>c7,^(3") ^u,'y{9) in Feiv{V). Now let g 
be a point of A n O'. Since A is in generic position at q we get the functor 

D^,„,A(fcx,C>^g)^Perv,(,). 

Applying <I>^ to the two triangles, we get disinguished triangles 



and 

^1^1] ^ ^ 

Since $''(£/) and $''(£;') are perverse in a neighborhood of 7r(g) we get (by construction of 
kernels (resp. cokernels) inPerv^(^)) that ^'^^u,'y{3') (resp. <I>*<I>t/_^(g) <I)^(£')) 

is a kernel (resp. cokernel) in Dp^j.^jy{kx,C^q)- Finally since is a cut-off functor we 
have $-?(£) ~ £ in B^^^^ j.ikxX^'q). □ 

Theorem 7.2.8. The stack associated to Andronikof's prestack of microlocal perverse 
sheaves is abelian. 

Proof. We have shown that the stalks of this additive prestack are abelian categories 
(Proposition 7.2.6| ). Further we have shown that kernels and cokernels in the stalks may 



be lifted to small open neighborhoods (Proposition 7.2.7). Therefore the conditions of 



Proposition 2.3.1 are satisfied and the stack of microlocal perverse sheaves is abelian. □ 



8 Microlocal perverse sheaves on P*X 
8.1 The stack of microlocal perverse sheaves 

We are now ready to give a first definition of the stack of microlocal perverse sheaves. 

Definition 8.1.1. The stack of microlocal perverse sheaves on P*X is the stack associated 
to Andronikof's prestack. 



By Theorem [7.2.8| we know that the stack of microlocal perverse sheaves is abelian. 
Furthermore since the underlying prestack is invariant by quantized contact transforma- 
tions (by Proposition |7.1.5| ) we easily get that the stack of microlocal perverse sheaves is 
invariant by quantized contact transformations. 

We will now give an explicit description of microlocal perverse sheaves in terms of ind- 
sheaves. For this purpose we will construct a subprestack 

uPerv C 7*(D''(I(A;,))|^,^). 

Here, 7,(D^(I(A:*)) 

\f,x) the prestack of bounded derived categories of ind-sheaves on 
-conic open subsets of T*X . Then we will show that jiPerv is actually a stack and 
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construct a morphism // : D^^^^{kx,*) fiPerv and prove that it induces equivalences 
in the stalks. Hence fiPerv can be identified to the stack associated to Dpgj.y(fcx, *)• In 
particular it is an abelian stack. Then we will be able to define the microlocal Riemann- 
Hilbert functors using the theory of ind-sheaves. 
First note that the functor /i induces a functor of prestacks 

: Bl^^^ikx, * ) ^ 7* D'^(I(A:, )) (8.1.1) 

where we consider D'^(I(A;*)) prestack on T*X. 
Definition 8.1.2. Let i7 C P*X be an open subset. 

(1) An object "J G D^(I(A;^-if^)) is microlocally perverse (on^l) if it is locally in the image 
of the functor ( ^.1.1 ), i.e. if for all p € 7~^(r2) there exists a -conic neighborhood 
V D C^p and an object S G ^pervi^x,y) such that /xS|v ~ 3^\v ■ 

(2) We denote by fiPerv{^}) the full subcategory of T>^{l{k^-iQ)) whose objects are mi- 
crolocally perverse. 

Remark 8.1.3. The functor ( ^.l.ll) induces a functor in the stalks 

//: D^,„(A;x,C^p) ^7*Db(I(fc*))7(p) 

and the definition of a microlocal perverse sheaf is clearly equivalent to 

(r) An object 9" G D^(I(/c^-iq)) is microlocally perverse (on 0) if for all p € 7^^(r2) 
there exists an object S € Dpg^^(A;x, C^p) such that /xS — 9" in 7* D^(I(A;* 

Here, one shall keep in mind that the natural functor 

7*Db(I(A:,))^(p)^Db(I(A:cxp)) 

is not fully faithful. Therefore germs of microlocal perverse sheaves should not be inter- 
preted as complexes of ind-sheaves on C^p. 

Remark 8.1.4. Note that it is possible (but less obvious) to define the functor 

^l : D^,„(fex,C><p) ^7*D^I(A;.))^(p) 

directly without using the prestack Dp^j.^{kx, *)• Hence, we see by definition (1') that in 
order to define microlocal perverse sheaves, it is not necessary to construct the categories 
Dpg„(fcx, S) for any C^-conic subset 5 C T*X but only the categories Dpg„(fex,C^p) for 
any p G T*X . Recall that the categories D^_^{kx,C^p) can be identified with the full sub- 
category of D^{kx,'C^p) whose objects may be represented by M-constructible sheaves. 
Hence the construction of microlocal perverse sheaves is independent of the conceptual 
question of the "correct" definition of the microlocalization of M-constructible sheaves (cf. 
Section 4). 

However, the prestack Dp^^^{kx, * ) can sometimes be useful to define functors on microlo- 
cal perverse sheaves and therefore we decided to include it in our presentation. 

Clearly /xPeri;(0) is an additive subcategory ofT>^{l{k^-i(^Q^)), and the correspondance 

P*X fiPerv{n) 
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defines an additive prestack on P*X. Hence fiPerv is a full additive subprestack of 
7* D^(I(A;*)), and we can see directly from the construction that it is defined by a lo- 
cal property. Moreover, by definition, for any open subset Q C P*X the functor fj, induces 
a natural functor 

These functors define a functor of prestacks 

/i : D|^erv(^x, * ) f^Perv. (8.1.2) 

We want to show that the functor ( 8.1.21) induces equivalences of categories in the stalks. 
Let p G T*X. The definition of fiPerv immediately implies that 

: Dpg„(A;x,Cp) — > ^iPerv^(^p) 

is essentially surjective. In order to prove that it is an equivalence of categories, we first 
have to calculate the morphisms in ^Perv^(^py 

Proposition 8.1.5. 

(i) Let 3',S G iJ,Perv{^l) andpEj~^{^). Let 3^ and § be two objects of Dpgj.^{kx,'C^p) 
such that fi"? ~ 3" and /uS — S in fiPerVy(^p-) . Then we have 

Hom,,_^^^^ S) ^ H°(C>^p, i,hom{3^, §)) . 

(ii) Let :J,g G D|^g,^(A;x,C^p). Then 

Horn p (uJ, uS) ~ Horn ^ (3", 9). 

(Hi) The functor // induces a canonical equivalence of categories 

Dperv(^X,C''p) fiPerv^^py 

Proof. Note that the functor of (iii) is obviously essentially suejective. Hence (iii) follows 
from (ii). Moreover (ii) follows from (i) and Proposition ^.4.4 . 
Let us prove (i). We have 

Hom „ (9", 9) ~ lim HomT~,b/T^;, ^^(^^| , ,91 i ) 
7(p)eycP*x 

~ lim Homp,b/T/. \\(u3^\ >,Ai9l i, J 

^{p)€VCP*X 

~ lim H° {V, RHom(/u J, nQ)) 
7(p)eycP*x 

~ lim H°r(y,///iom(3",g)) 

7(p)eycP*x 

~ H° {C''p,nhom{3',9)). 

□ 



Proposition g.1.5 implies that if fiPerv is a stack then it is equivalent to the stack 
associated to Dp^j.^{kx, *)■ In order to prove that fiPerv is a stack we will apply the 
general results of Section 2. 

Let us recall the following well-known proposition with proof. 
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Proposition 8.1.6. Let 3", 9 be two perverse sheaves on X. Then ^hom{3^,^)[dx\ is a 
perverse sheaf. In particular it is concentrated in positive degrees. 

Proof. According to |g<Sl , Corollary 10.3.20, nhom{3' , 9)[dx] is a perverse sheaf on T*X. 
Hence for any complex analytic subset S of T*X we have 

H^+'^^(/x/iom(J,g))|s =^ 

if j < — dim S. Now recall that 

supp(At/iom(J, 9)) C SS(J) U SS(g). 

Since 3", 9 are perverse sheaves their micro-supports are Lagrangian subsets of T*X, hence 
are of dimension dx ■ Therefore 

H^(///iom(3",g)) ~ 

for j < 0. □ 
Proposition 8.1.7. The prestack ^Perv of microlocal perverse sheaves is separated. 

Proof. Let 3", 9 be two microlocal perverse sheaves of ^Perv{yt). Recall that 3", 9 G 
D^(I(fc^-i(Q))) and that we have by definition 

'Konifj^pervi^, 9) - 7*?{ompb(j(^^))(3", 9)- 

Hence it is sufficent to prove that iKomj-jb^j^^^ •)^(3", 9) is a sheaf. 

We will first show that the complex R^Kom(?', 9) is concentrated in positive degrees. This 
is a local question, hence we may assume that 7 ~ /x3", 9-/^9 for two objects 3", 9 of 
Dpe™(A;x,7~n^))- Since 

R:Kom(/u(3F),/z(g)) ~ /i/iom(5F, 9) 

we are reduced to study /j,hom{3^,§)p for any p £ By invariance of quantized 

contact transformation (cf. Theorem |7.1.5| ) we may assume that 3" and 9 are perverse 
sheaves on a neighborhood of vr(p). Hence fihom{3^, 9)p is concentrated in positive degrees 
by the last proposition. 

Therefore R'}{om{3',3) is concentrated in positive degrees. Then Ti.omY)h(j(^f^^yj{'J,Q) is a 
sheaf since 

:KomDb(i(;.^ 9)Ct^) ^ H°(F, R:Kom(J, 9)) =^ r(y, H° R:Kom(J, 9)). 

□ 

Theorem 8.1.8. The prestack fxPerv on P*X is an abelian stack. Moreover the functor 
fi induces an equivalence of abelian stacks 

Dperv(^x, *)* ^ fiPerv, 

where Dp^j.^{kx, *)^ denotes the stack associated to Dpg„(A;x, *). 

Proof. Since microlocal perverse sheaves form a separated subprestack of the prestack of 
ind-sheaves and are obviously defined by a local property, they form a stack. 
Moreover, Proposition ( 8.1.5 ) states that the functor of prestacks 

M : 'Dpervikx, * ) — > fiPerv 

induces equivalences of categories in the stalks. Hence n identifies jiPerv with the stack 
associated to V)^^^^{kxi *)• D 
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8.2 Autoduality 

Proposition 8.2.1. Let 3", S G fJ.Perv{n). Then 

RJ{om(J,g)[dx] 

is a perverse sheaf on 'y~^{Q,). 

Proof. Locally we can find 3^,3 G Dm-c(^^) such that 

R'KomiS-, 3) ~ ^/iom(J, S) 

By invariance of quantized contact transformations we may assume that 3", S are perverse 
sheaves. Then the result follows fromthe fact that fihom{3', 9)[dx] is a perverse sheaf. □ 

Proposition 8.2.2. There is a contravariant functor 

D : fiPerv — > iiPerv 

such that 

(i) DoDc^ld. 

(ii) R:H;om(J,g) :^ R:Kom(L»g,L>J). 

(Hi) If 3^ € iJ,Perv{Q) is isomorphic to ^"J and 3^ G lS^f,^^{kx,^^'^{^)) then we have a 
natural isomorphism D3^ ~ /i R3iom(3', wx)- 

(iv) The stack fiPerv is autodual, i.e. it is equivalent to its opposite stack. 

Proof. Recall that the functor D = WKom{ . ^ujx) induces a contravariant equivalence of 
prestacks 

D: T>l,,,{kx,*)^'DlerAkx, *)■ 

Hence we get a contravariant equivalence D on the stack associated to Dp^j.^{kx, * ) which 
satisfies by definition (i) and (iii). 

Let 3", S G fiPerv{i^). It is enough to prove (ii) locally. Hence we may assume that there 
are objects g G Dp^y.^{kx,J~^^) such that yuJ" ~ J" and fj,§ ~ g. Recall (cf. Exercise 
that on 7~^ri we have 

/i/iom(J,g) ~ ^/iom(Dg,Dij). 

Then on 7~^il we get 

RJ{om(/i J, /xg) ~ ^/iom(J,g) ~ /i/iom(D g, D ij) ~ R:>{om(^ D g, D J) ~ R:>{om(D g, D 3"). 

□ 

8.3 Integral transforms for microlocal perverse sheaves 

Let p G ^Ix C T*X, q G Jly C T*Y where Qx,^Y are C^-conic open subsets. Suppose 
that we are given a contact transformation 

X : 0.x 



IV.4 of [KSl 
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such that xip) = Q- We have seen in Section 6 that after shrinking Qx and Jly, we can 
estabhsh an equivalence of prestacks 

Hence we get an equivalence of the associated stacks of microlocal perverse sheaves: 



erv 



Yi 



(8.3.1) 



together with a commutative diagram 



^porv 



X*I^Perv^\^{Qx) 



The existence of this diagram is sufRcent for many applications. However, in Section 9, we 



need to know that the equivalence ( ^.3.1| ) is given by integral transform with the kernel 

Let us fix some notations first. We will first consider real manifolds X, Y, Z and the diagram 

X xY X Z 



X xY 




Y X Z. 



Composition (or integral transforms) will be considered in its ind-version. For S' G 

D^{l{kxxY)) and g G B^{l{kYy<z)) we set 

:?og = Rgi3n(g-lj®g2-3lg), 

even if 9", g are actually complexes of classical sheaves. In this case a(3" o g) gives the 
classical composition. Note that there is always a natural morphism 

Jog ^a(Jog). 

Furthermore, we will consider a variant. Consider 

q1,: T*X xT*Y xT*Z ^T*X xT*Y ; {{x;(),{y;rj),{z;C)) 
Then set for 9" G {likr* x xT*y)) and g G D^(I(fcT*yxT*z)) 

Note that the operation o is associative up to natural isomorphism. 
Recall that the stack iiPerv is embedded into the prestack 7* D^(I(/c,, )). 
Hence, for any kernel % G B^ikyxx) the functor 



f,Xo: 7,Db(I(A;,))b, 



7.D^(I(A;,))b, 



is well defined. Our interest in this section is to find kernels JC such that this functor 
preserves the subprestack ^Perv. For this purpose, we may use the fact that microlocal 
perverse sheaves are defined by a local property. Hence, if G ^Perv^ then ^ 
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uPerv if and only it is microlocally perverse on C^p for every p S T*Y . 



Take an object 3" G fiPerv'^ . Locally 3" ~ ^9" for some object 3^ G Dpgj.y(/cx, C^p). Hence 
locally 

Since IK o G Dpgj.y(y, C^g), if we know that there is an isomorphism 

^iXo fi{Xo3^) (8.3.2) 

in a neighborhood of C^q then we have shown that the object fi% o 9" lies in fiPerv^ . 
Kashiwara's composition formula states that the morphism ( 8.3.2| ) exists and gives a cri- 
terion for it to be an isomorphism. Hence it allows us to a certain extent to translate 
results from the microlocal study of sheaves from | KS1 | to the study of ind-sheaves and in 
particular to microlocal perverse sheaves. Let us recall Kashiwara's theorem. 

Theorem 8.3.1 (Microlocal composition of kernels). 

Let Xi € B^{l{kxxY)) and X2 G D^(I(fcyxz)). 

(1) There is a natural morphism 

fJ-XxY^l o fJ'YxZ^2 > IJ-XxziXil o X2). (8.3.3) 

(2) Assume the non- characteristic condition^ 

SSo(3Ci) X SSo(3<;2) n (TJ^X x T*Y x T|Z) C TjX x TpY x T|Z, 

T*Y 

then the morphism 

KxxZ °{fJ-XxY^l ° fJ-YxzX2) > fJ-Xxzi^l ° ^2) 

is an isomorphism and 

fJ-XxYXi o ^J.YxzX2 > fJ-XxziXi o X2) 



is an isomorphism outside prs( SSo(IKi) x SSo(3C2) n T*X x TyY x T*Z) . 

T*Y 

Remark 8.3.2. The "ideal situation" to apply Kashiwara's theorem is given by condition 
(1) or (2) below. 

(1) {T^X X T*Y U T*X X TpY) n SS(3<;i) C T^X x T^Y, 

(2) {T^Y X T*Z U T*Y x T|Z) n SS{X2) C T^F x T^Z. 

Then the natural morphism ( |8.3.3| ) is an isomorphism outside the zero section. 
In particular, let 9" G D^{l{kx)) and consider X such that 



SS(3<:) n [T^Y X T*X U T*Y U T^Xj C T^Y x T^X 
Then the morphism ( 8.3.3| ) 

niX) ofi3- — > fi{X o J) 
is an isomophism outside the zero section. For instance we get the following lemma. 



9 

92 Is ■ Si ^ T*Y and gi|s : S2 T*Y , hence 



For two sets Si C T*X x T*Y and 52 C T*Y x T* Z we denote by Si x 5*2 the cartesian product of 

T*Y 



Si X S2 ^ {{{x;^^),{y;^Y),{z;^z) eT*XxT*YxT*Z \ iix;^^),iy;^Y)) e Si {{y; ~^y), i^; ^z)) e S2] . 

T'Y l J 
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Lemma 8.3.3. Let 3" G D^{l{kx))- The morphism 

^{kj^) o /i3" — > fi(kA o 3") ~ fi3^ 
is an isomophism outside the zero section. 

We will mostly be interested in the following more general situation: 

Definition 8.3.4. Let us denote byN{Y, X,nY ,^x) the full subcategory ofD^{kYxX,^Y'x 
T*X) such that 

(i) ss(ac) n (I7y X T*x u t*y x cVly 

(ii) pi : SS{X) nny X T*X is proper. 

Note that N(y,X,0y,17x) C N(y, X, Oy , and that the kernels produced in 

Theorem |5.Q.2| are objects of N{Y, X, Qy^nx). We get 

Proposition 8.3.5. Suppose that Qx n T^X = and Qy n TpY = 0. 

LetXe N{Y,X,ny,nx) and3' GB^ikx) such that SS{3')nf*X C ^Ix ■ Then the natural 
morphism 

/iX S /X J — > ii{x o g-) 

is an isomorphism on ily. 
Proof. We have by hypothesis 

ss(3<;) n {T*Y X ss( J)") c (ss(ac) n t*y x n^x) u (ss(3<;) n t*y x t^x) 

cny xn^xU T*Y X T*xX. 

Intersecting both sides with TyY x T*X we get 

SS(3C) n {T*Y X SS(J)") n {T^Y x T*X) C TJ^X X T^Y. 

Hence the non-characterstic condition is satisfied. 

Moreover by assumption SS(D<:) n (J7y x T*X) cQy x hence 

ssix) n {T*Y X ssiS")") nfiy X t^x = 

and 

SS(3C) n {T*Y X SS{3-y) n T*Y X T*xX c Cfly x T*xX 
Therefore the morphism is an isomorphism outside Cfiy, hence on Oy. □ 

Lemma 8.3.6. Consider X € ^{Y,X,VLy ,VLx) and 'J G jS^{kx)- Then we have a chain 
of natural isomorphisms: 

Proof. We will show that the three terms are isomorphic to 
For the right hand side this is trivial. 

For the two terms on the left hand side denote by j : Qy x ^ x X the inclusion 
map. Then we have 

(/x3<:)|nyxT'X =i Ri!!j"V^byxT*X 
by the hypothesis on SS(3<!) = supp(/i3C) and the result follows easily. □ 
^"The category N{Y,X,Qy,^x) has been recalled at the beginning of Section 5.1. 
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Remark 8.3.7. Let X G N(y, X, r2y , ilx)- Consider the morphism 

(/xXg/i3-)b^ -^^{Xo9^)\n,, -^f,{a{Xo3^))\^^ (8.3.4) 

The term on the right only depends on the image of 3^ in D^{kx,^x)- By the last lemma, 
the same result holds for the term on the left side^^. In the following we will be interested 
in situations when the composition ( 8.3.4| ) is an isomorphism. 



Hence, in the situation of Proposition ^.3.5 , we may replace ?" by any object isomorphic 
to J' in D^{kx, ^x)- However, in general, it is not possible to find an object 3^' isomorphic 
to J in B^{kx,nx) such that SS(J') C Qx- Therefore we will have to assume a stability 
condition on 3C and the existence of a suitable cut-off functor. 

Proposition 8.3.8. Let X, Y be ajfine and % £ N{Y, X, Sly , Six)- 

Let 6 C X* be an open cone and U <Z X be a relatively compact open set such that 

{U x6)nt*X cQx- 

Set i^'x = U X 5 and suppose that there exists an open subset Sly C fly such that OC G 

^{Y,x,n'y,n'^). 



Then the natural morphism ( 8.3.4 ) 



is an isomorphism on Sly. 

Proof. There is a cut-off functor ^u,s such that SS(<&(7^5(J)) CU x6 and ^u,5i3') ^ 3^ is 
an ismorphism in D^{kx, U x 6). 
Then the morphism 

is an isomorphism on Sly. Moreover supp(<I>{/_^(5')) C U which is compact. Hence X o 
^u,-y{3^) Oi(X o <I>[/,y(9')) is an isomorphism. Therefore 

fxX o ^,{<^>u,5m i^H^ ° ^u,5m) 

is an isomorphism on Sly and is isomorphic to 

□ 

Summarizing the situation, we have the following diagram: 



D''{kx,nx)^^B'^{l{kn^)) 

-fx ^^^^ 

D\kY,nY)—r^B\l{kny)) 



where the diagonal arrow indicates that the diagram is not commutative, but there is a 
natural transformation which for any J" G D^{kx, ^x) is induced by 

^(OC) g /x(J) fiiX o J) /u(<I>x(3")). 



^^The assumptions on % might imply that the second morphism of the composition is an isomorphism, 
but I cannot prove it. 
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It is an isomorphism under suitable conditions on %. In particular, consider the situation 



of Theorem |5.0.2| , we get a diagram of functors of prestacks 



fly 



that commutes on small open sets of xiU x 7)^^ . In particular the diagram commutes (up 
to natural isomorphism) in the stalks. 

Now let us consider the complex contact transformations and place ourselves in the C^- 



conic situation of Theorem p.2.1| . Hence all manifolds are complex, the open sets -conic, 
and the kernel JC is has M-constructible cohomology sheaves. We get a diagram of functors 
of prestacks 



<S>x 



11X0 



■7*D^I(^*))bi 



that commutes up to natural isomorphism in the stalks. Hence let us look at this diagram 
in the stalks, restrict to microlocal perverse sheaves and immediately get that for p € Qx 
and q = x{p) € the diagram 



D^erv(^X,C><p) 



'perv 



■D'(I(fc*))7(,) 



^.3.5) 



B^ikyX^'q) — 

is well defined and commutes up to natural isomorphism. 
Theorem 8.3.9. The functor of prestacks 

fiXo: 7,D^I(fc,))l7{nx) ^7*D^I(A;.))l7(f^y) 
induces an equivalence of stacks 



such that the diagram 



'perv 



■ fiPerv^lux 
,1X0 

fiPerv^luy 



D^(fcy, *)\ny — 

commutes up to natural isomorphism and induces in the stalks the following diagram: 

fiXo 

"7(9) • 



perv 



^X 



■ fiPerv^ 



To apply Proposition |8.3.8|, we actually have to consider an R -homogenous variant of Theorem 



5.0.2 



where we replace the open sets by R -conic open sets. The theorem still holds since there is actually 
no difference between D^{kx,S) and D'^(fcx, R"*"-?) by the R^-conicity of the micro-support. Hence the 
diagram should be considered on the sphere bundle rather then on T*X. 
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Proof. Consider the diagram (|8X5| ). Let 3" G D]^g„(A;x,C^p). Recall that for a sufficently 



small relatively compact open neighborhood V of 7r(p) the object 3C o S'y is a well-defined 
object of Dpg„(A;y , C^g) and isomorphic to 3Co 3^ in D^(/i;y, C^q'). Since Dpg„ (fey , C^g) is 

a full subcategory of D^{kY,C^q), we get that fiX o /i3" is an object of fiPerv'^^^y Hence 
we get the induced functor of stacks 

uPerv^ — > fiPerv^ l^^n^y 

In the same way we verify that fi%*o is a well defined functor of stacks in the opposite 
direction and it is easily verified that nJC*o is a quasi-inverse^^. □ 

Now suppose that we have contact transformations 

Xl ■ ^ X2- ^ 

and kernels %i G D^_(,(I(/cyxx)), ^2 £ DR_c(I(^Zxy) such that Theorem 5.0.2 is valid. 



Then we know that = /u3Cio and ^'J^'x^ — /"^2° are well-defined on microlocally 

perverse sheaves. However note that X2 o is not M-constructible and we do not know if 

HX2 ° fJ-Xi — > fl{X2 o Xl) 
is ani somorphism in {l{kT* z xT* x)) ■ Nevertheless we get 
Proposition 8.3.10. The functor 

H{X2 o Xi)i : fxPerv^ — > fiPerv^ 
is well-defined and naturally isomorphic to 'I'^Xi ° ^/Ixi ■ 



Proof. The strategy is similar to the proof of Theorem |8.3.9| . First we can show that 
^{X2 o Xi)o : ^Perv^ — > fiPerv^ is well-defined by looking in the stalks and using the 
fact that D|^g„(y,C^g) is a full subcategory of D^{kY,C^q). The same argument shows 
the isomorphism. □ 



Remark 8.3.11. Proposition 8.3.10 is an important step towards the definition of the 
stack of microlocal perverse sheaves on a complex contact manifold. Such a manifold is 
locally isomorphic to an open subset fix C P*X and the transition maps are contact 
transformations. Using the proposition we can locally associate an equivalence of stacks. 
But the choice of the kernel X is neither unique nor canonical. 



9 Microlocal Riemann-Hilbert correspondence 

The classical Riemann-Hilbert correspondance states that on a complex variety X the 
solution functor R!Komx)x{' i^x) defines an equivalence between the stack of regular 
holonomic Dx-modules and the stack of perverse sheaves. A quasi-inverse of this functor 
has been constructed explicitly by Kashiwara (cf. |K2|| ). 

We denote by li.onZeg{Dx) the abelian category of regular holonomic Dx-niodules. 
Let M be a holonomic D-module. We set 

Sol(M) = RJ{omi,^(M, Ox). 



5.I.2I to prove the equivalence which were related to 



^^Note that the difficulties encountered in Theorem 
the fact that D\^{kx, *) is not a full subprestack of D {kx, *) do not appear here since all the morphisms 
are well-defined in D''(I(fe«)) and fj,Perv is a full substack of 7, D''(I(fc«)). 
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Let 9" be an object of D^_^{kx) and set 

RH(:J) = TJ{om{3',0x)- 
Then the Riemann-Hilbert corresponance can be stated as follows. 

Theorem 9.0.12. The functors RH and Sol define quasi-inverse equivalences of abelian 
stacks 

RH 

Perv(A;x) ^ HolUegiVx). 

Sol 

The microlocal Riemann-Hilbert correspondance should therefore establish an equiva- 
lence between the stack of microlocal perverse sheaves and the stack of regular holonomic 
£x-niodules. 

9,1 The ind-objects fiOx and /iO^ 

The microlocalization of the ring of holomorphic functions defines an object of I(Cx)- 
More precisely, we have 

Proposition 9.1.1. The ind-sheaf 

H0x\f*x 

is concentrated in degree dx- 

Let If € D^_(,(Cx)- We will study the microlocal solution complex 

^ihom{9-,(Dx) ^ R^om{TT-^9-,fiOx) 

The stalks of this complex have been studied in [[KS1|| and we will show that some results 
can be extended to open neighborhoods. 



The "ring" 0^ G D'^(I(Cx)) of temperate holomorphic functions has been defined in |KS2(] . 
It is defined from the ring G D''(I(Cx)) as 

0^ = R:Kom^(2>_)(/3(0^),©6^). 

We will not recall the construction of T>bx here. Recall that Ox is only defined in the 

derived category. It is not concentrated in a single degree. 

The link with Kashiwara's functor T'Kom is given by the formula 

RJ{om(:J, 0^) = TJ{om{3', Ox) (9.1.1) 

where :?€D^_,(Cx). 

By microhzation we get an object /uO^ G D'^(I(Ct*x))- It is not known if this object is 
concentrated in a single degree or not. 

In [KS2|, the full functoriality of 0* is established. We will only need the following result: 



Proposition 9.1.2. Let f : X ^ Y be a smooth map between complex varieties. Then 
there is a canonical isomorphism in D^{l{P{T)x)))-' 

R3:Komf,^^{pVx^Y, 0^) ~ f-^O'y. 



First we will prove that the microlocalization of the formula ( |9.1.lD holds, i.e. 

Proposition 9.1.3. Let 3" G D^.^(Cx). Then 

R'Kom{fi3', /xO*) = tfihom{9-, Ox)- 
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Proof. The proof is similar to the proof of the formula 

R?{om(/i3", /x9) — fihom{3', 9) 



from |1K5| where S G B^'ikx). 

The normal deformation of the diagonal in X x X can be visualized by the following 
diagram 

tx^^Ta^{x xx)^^jf^^n 




Note that p,pi and p2 are smooth but p is not. Also, the square is not cartesian. We use 
the same notations as in Section 5 when we deform the diagonal in T*X x T*X. We will 
need the following lemma 

Lemma 9.1.4. Let J G D^.^(Ct*x) and S G {I {Ct* x)) ■ Then 



-1„! I 



Proof. Set 



P = G TT*X I (7;,w(x)) ^ O}, 

P' = [(x;v) G rr*X I {v,Lj{x)) ^ 0}. 

We have 

imom{3',fi3) ^ R^om{3',Rqin{q:^^S (^RpwiCi^) <2) P{Cp (g)Rs^ujTT'X\T-'X 
~ RJ{om9',Rpiu{p^^3 (E)Cj^(S) P{Cp (g)Rs^ujTT*x\T*x)) 
~ RJ{om3", Rp2!!(pr^S ® % P{Cp> Rs*wrT*x|r*x)) 
~ Rp2! R'Kom{p2'^3',p^^9 Cjy /3(Cp/ ® Rs*a;rr*x|T*x)) 
^ Rp2!(R^om(p^^3",Pj;^g (g)%) (g)Cp/ (g)Rs*u;TT*x|T*x) 

Now note that locally on T*X x T*X the set J7 is convex and 
Hence 

Cfy«)p^^g ~ RJ{om{en,Cx)®Pi^9 ^ Rmom(Cn,pr^S). 
Moreover note that 

-1 ®-l -1 — 1 !^ 

Hence 

R:Kom(3", /^g) ~ Rp2i(^R:Kom{p^^3- ^ Cn,Pi^9) Cp/ ® Rs,.ujtt*x\T'x) 
~ Rp2! Rsi (^s-i R'Kom{p:^^3- (g) Cn,p'^q[9) <»Cp. 
~ Rri (^s^^ R'Komip^^S' (g) Cn,p"^gig) «) Cp 

~ c^^i (5-1 R?{om((p2 ':?)f7,P"'gig)' 
This shows the lemma. 
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□ 



Now consider the situation of the lemma but take 3" € D^{Cx)- Then a standard 
calculation shows that 



When we apply this result to 0^ and 3" E D^_^{kx) we get 



tiihom{3', Ox)- 



□ 



Following [1KS4| , we set for a locally free Ox-niodule L: 

I30x 

Lemma 9.1.5. Let H a locally free Ox-'fnodule of finite rank. Then there are natural 
isomorphisms 

/i/:* — > fiO^x ^ 7r"^/3£. 

7r-l/30x 

Proof. Let us show the second isomorphism, the proof of the first being similar since 
L ~ /?£ O Ox- By definition 

^li&x =^RginfKx (892^^-1(0^ ® 13a)). 

f30x ^ POx ' 

But since Kx — Kx ®/3Ca and 

we get the second isomorphism. □ 
9.2 £x-modules 

The ring £x of microdifferential operators on T*X has been defined in [3KK|. For a short 



introduction to the theory of £x-niodules we refer to |K3|, for a more detailed study see 



[Sch|. The ring £x has many "good" properties, for instance it is coherent and Noetherian. 



For our purpose it is convenient to consider microdifferential operators outside the zero- 
section, hence when we write £x, we consider £x|j,*^- 

We will consider two variants of this ring. In the sequel we will identify T*X with 
T^^ {X X X) by the map 

5« : T*X ^ (X X X) r*X X T*X ■ (x; i) ^ ((x; 0, (x; -i)). 
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=il''^ {tfihom{CA,Oxxx) ^ oS?; 



The functor 6'^ ^ is often omitted for complexes with support on T*X. 
First one defines the ring £^ on T*X as 

In [lAn2|] Andronikof introduced the ring on T*X of tempered microdifferential oper- 
ators as 

L 

where we omit the functor (vr x vr)"^ in the notation. 
Proposition 9.2.1. We have 

Proof. Follows from Proposition ^.1.3| and Lemma 9.1.5[ □ 
Recall some basic properties: 

(i) We have E-x — R7*£^ ~ 7"^ R7*£^'-^. In particular R7*£js: — &X- Moreover 
R*7^£x ~ for i / 0. 

(ii) The rings £'^ and E-^ ^^^e faithfully flat over 8,x- 

(iii) The ring £x (and therefore £'^,£'^''^) is a 7r~^Dx-niodules. 

A priori, £x-niodules are defined on the cotangent space T*X. But by (i) coherent 
£x-niodules (hence in particular regular holonomic £x-niodules) are conic objects, hence 
it is often convenient to work on the projective bundle P*X or on C^-conic sets. 
Let M be an £x-niodule. Then its support supp(M) is called its characteristic variety. 
If M is a Dx-niodule, then the characteristic variety of £x ®n-'^Dx '^^^^ coincides with 
the characteristic variety of M as a ©x-niodule. The main result about the characteristic 
variety of £x-niodules is: 

Proposition 9.2.2. Let M. be a coherent Ex-module. Then its charcteristic variety is a 
dosed analytic, involutive, -conic subset ofT*X. 

Definition 9.2.3. Let M be a coherent Ex-module. 

One says that M is holonomic if its charcteristic variety is Lagrangian. 

Remark 9.2.4. Hence a holonomic ©x-niodule defines a holonomic £x-iiiodule. 

Regular holonomic £x-niodules (or "holonomic systems with regular singularities") have 
been studied in |KK|. A Dx-module is regular holonomic if and only if its associated £x- 
module is regular holonomic. We do not recall the definition here since regular holonomic 
systems can be characterized by the Riemann-Hilbert correspondence and refer to loc. cit. 

Theorem 9.2.5. Let M be a regular holonomic Ex -module such that its characteristic 
variety is in generic position at a point p G T*X. Then there exists a regular holonomic 
T)x -modules M such that _ 

M ~ £x ® M. 
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Regular holonomic £x-niodules form a stack of abelian categories. This stack is in- 
variant by quantized contact transformations. Hence modulo a contact transformation a 
regular holonomic £x-niodule is locally isomorphic to 



Ix ® RH(3") 



where 3" is a perverse sheaf. For our purpose this can be taken as a definition of a regular 

holonomic system. 

Finally recall the following theorem. 



Proposition 9.2.6. f^4nj/, Theoreme 4-^-6 and Proposition 5.6.1) Let If G D^_g(fcx)- 
Then 

tfihom{3^, Ox) ^ ^n-^Dx T:>{om(g-, Ox). 
If 3' is perverse then tfihom{3^,(Dx) is concentrated in degree and 

H°t/i/iom(3",0x) ^ £^'-^ ®^-iB^ TT-^TJ{om{9',0x). 

9.3 The micro difFerential structure of /iOx and /uO^ 

Recall that an object A € l{kx) is called a fcx- algebra if there exist morphisms 

kx ^A A(g>A — >A 

that satisfy the usual conditions of unit and associativity (for more details, see for instance 
[ KS2 |, Section 5.4). For example, If yi is a classical kx-algehia in Aiod{kx) then (3A is a 
A:x-algebra in l{kx). 

Let A £ l{kx) be a /cx-algebra. A left ^l-module in l{kx) is given by an object M € l{kx) 
and a structure morphism 

A(g,M — ^ M 

that satisfies the usual compatibiulity conditions with the structure morphisms of A (for 
more details, see loc. cit.). 

Similarly, one defines the notion of a /cx-algebra A in D^{l{kx)) and the notion of a left 
yi-module in D^{l{kx))- Note that if a fcx-algebra A in D*'(I(A;x)) is concentrated in a 
single degree, then it defines a /cx-algebra in l{kx)- However, even if A is concentrated 
in a single degree, an yi-module in D^(I(fcx)) is in general not well-defined in the derived 
category of ^l-modules in l{kx). In order to avoid confuision, one often calls an ^l-module 
in D''(I(fex)) a formal ^l-module. 

In this section we will show that ^Ox is a /3£'|--module in l{kx)- The same strategy will 
show that /xO^ is a formal /3£^''^-module in the derived category D^(I(/cx))- In particular 
its cohomology ind-sheaves are /3£^'-^-modules. 
Let / : X ^ Y he a morphism of complex manifolds. 

Lemma 9.3.1. There is a natural morphism in D^(I(Cx)) 

ip:RfMx[dx]^nY[dY] 

such that cx{(p) is the classical integration morphism. 

Proof. Consider the chain of natural isomorphisms: 

Hom„b(:(e,))(I^/!!f^^[dx],J^y[(iy])=^Hom^,^^^^^^^(J7x[dx],/'j^y[dy]) 

^Hom^,^^^^(17x[dx],/'j^y[dy])^Hom^,^^^^(R/,J]x[rfx],f^y[dy]) 

The inverse image of the classical integration morphism gives (f. □ 
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There is a natural tempered version of the integration morphism: 
Proposition 9.3.2. There is a natural morphism in D*'(I(Cx)) 

Proof. This is a simple version (not respecting D-module structures) of the morphism 
established in | KS2|| : 



□ 



Now consider complex manifolds X,Y,Z of complex dimensions dx^dy^dz and the 
diagram 

X xY X Z 

912 , 

913 

X X X Z Y X Z. 

Lemma 9.3.3. The integration morphisms induce natural morphisms 




i'^xfi) a ,,,c.(dY,0) 



XxY 



YxZ 



-dy] 



QtXdxfi) g Qt,{dY,0) 

h^^XxY ° h^^YxZ 



-dy] 



Proof. The two constructions being similar (and just an ind-variant of the construction 
used in Lemma 11.4.3. of | KS1|] ) we will only show how to define the second morphism. 
First let us consturct the natural morphism 



^XxY " ^YxZ 







t,(dx,0)r 
XxZ I 



dim^y]. 



It can be obtained as follows 



^XxY " ^YxZ 



l,„i,(dy,0)\ 



where the last morphism is the integration morphism of Proposition 9.3.2. Using the 
microlocal composition formula we get a morphism 



l^^XxY ° l^^YxZ 



t,{dxfi) ,^i,(rfy,0) 
XxY ° '^YxZ 



) 



-dy]. 



Therefore we get the morphism of the proposition. 



□ 



Proposition 9.3.4. Let Xi G D^(I(Cr*xxT*y)) and X2 G B'"{1{Ct*yxT'z))- There are 
natural morphisms 



R3!Kom{Xi,fi(D'-x^^^) oR3J{om{X2, fiO'^^'z^) — > R3:Kom{Xi o X2, fi0^xx'?)[-dY] 



{dY,0)) 



^{dx,0)\ 



R3J{om{Xi,fi(D^j}'^^'°^) o Rmom{X2, fiOy'^^l' 



t,{dY,0)\ 



RJ3{om{Xi 0X2,1^0 



^,(dx,0)^ 
XxZ ) 



-dy\ 



These morphisms satisfy the obvious associativity condition (analogous to Lemma 11.4-3 
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Proof. Note that there is a natural morphism 
RJ?{om(g"i, Si) o mj{om(J2, S2) 



Rmom(Ji 0^2,31032) 



Combining this morphism with the morphisms of Lemma |9.3.3| , we get the desired arrows. 
The associativity condition is tedious to write down. It is a straightforward consequence of 
the corresponding associativity conditions of the morphisms involved in the construction. 

□ 

Remark 9.3.5. Consider Xi G D'^(Cxxy) and X2 G D'^(Cyxz)- Applying the functor a 
to the first morphism of Proposition 9.3.4| , we get a morphism 



This is precisely the morphism of [ KS1 |, Lemma 11.4.3 



In the situation of Proposition p. 3. 4 consider Z = {pt} and X2 = ^Oy (resp. X2 



/iOy). Applying a we get natural morphisms 

Rpi! RJ{om{X, fiOxiy^^) ^P2'^ R:Kom(/iO^, 
Hence we get 

Rpii ( R%om{X, /xO J'^y ) P2~^ R^om{fiOY,fJ'OY 



RJ{om{X o fxOY,fi^x) [-dy], 
> R:Kom{Xo ^O^y, ^n'x)[-dY]. 



R5fom(aC[dy] o /iOy,//Ox), 

(9.3.1) 



(9.3.2) 



Rpii(^R:Kom{X, nOxxY^^) ^ pV^ R:Kom(//0*y, /xO*y 

Taking X = Y and X = vt'^Ca^ we get the morphisms 

e| (8)RJ{om(^0x,/u0x) — > R:Kom(^Ox, /uOx), 

g'^'-'' (»R?{om(/iO^,/iO^) — > R:Kom(/iO^,/xO^). 

Note that for any 3" G D'^(I(Cx)) the identity of 3 defines a natural morphism Caj 
RlKom(3", 9"). Hence we get the structure morphisms 



).3.3) 



/3£^'^(»^0^ — ^/uO^. (9.3.4) 

In order to prove that the two morphisms ( 9.3.3| ) and (|9.3.4 ) define structures of formal 
modules in D'^(I(Cx)) one uses the associativity of the construction in Proposition ( |9.3.4| ). 
Therefore we get: 

Proposition 9.3.6. The object jiOx (resp. ^flx) is a left (resp. right) (3t\-module in 
Db(I(Cx)). 

The object /^O^ (^^sp. /uO^J is a left (resp. right) PS.^-^ -module in D''(I(Cx)). 

Corollary 9.3.7. Let 3- e D^' {1{Ct* x)) ■ Then 
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(1) the complex R3^om{3', fiOx) (resp. R3'Kom{3', fiO^^)) is a left (3E,\ -module (resp. 
■-x 



-module) in D^{l{Cx)), 



(2) the complex R3!Kom{3^, ^Q,x) (resp. Rj;Kom(9", is a right f3EJ^ -module (resp. 
-module) in D^(I(Cx)). 

Corollary 9.3.8. (i) The object ^Ox (resp. ^jl^x) is a left (resp. right) f3S,\-module 
in 1{Ct*x)- 

(a) For any 9" G D^(I(Cr*x)) the complex RJ'Kom{3' , fiO x) (resp. RJ'Kom{3^, fxQx)) is 
well defined in the bounded derived category of left (resp. right) (5 E,\ -modules. In 
particular if 3^ & D^{kx) then fihom{3^ , x) (resp. fxhom{3^,^}x)) is well defined in 
the bounded derived category of left (resp. right) EJ^ -modules. 

(Hi) Let 3" € D^(Cx)- Then fj,hom{3' , x) is well defined in the derived category of S.^- 
modules. 

(iv) Let 3" € D^(I(Cr*x)) such that R;Kom(9', /iO^) is concentrated in a single degree 
(for instance if 3^ is a microlocal perverse sheaf (see Lemma 9. 6.f[ below)). Then the 
natural morphism 

R5fom(3',/iO^) — >R'Kom{3^,^0x) 
is well defined in the derived category of Ex -modules. 
Proposition 9.3.9. The natural morphism 

RP13!! (p12^ RJ:Kom(aCi, /xO^^^?Vi5^3^ Rmom{%2, fiO'ylP)^ 

— > R3%om{Xi o X2,f^0^xx'z)[-dY] 

factors through 

Rpi3^^(pu^R33{om{Xi,fiO'i^'Y^) P2iR33{om{X2,f^O^Yx'?' 



Proof. This is a consequence of the associativity condition of Proposition |9.3.4 □ 
9.4 Quantized contact transformations for fiOx and fiOx 



In this section we will adapt Section 11.4 of [ KS1 | to study the behaviour of ^Ox and 
fJ-Ox under complex contact transformations. We will restrict ourselves now to fiOx, the 
study of /uOx being similar. We also did not include all proofs which are rather similar to 
Section 11.4 of loc. cit. 

Our main interest is to prove that the complex 

R3%omf3ExiP^,fJ'^x) 

is invariant under quantized contact transformations where M is a coherent fix-module. 
More precisely consider a contact transformation 

X : ilx —'^Y 

Then locally we may find a kernel X such that induces an equivalence of microlocal 
perverse sheaves and Since M is coherent, the natural morphism 

AiacSRmom^£^(/3M,/xOx) — > Rmomp^^^i-^){j3{xM), fJ-Xo fj,(Dx) 
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is an isomorphism. Hence we are reduced to construct an isomorphism 

that is compatible with the action of /3£x (resp. /5£y) on fiOx (resp. ^Oy). Such a 
morphism has been constructed in D^{kx,p) in Section 11.4 of |[KS1||. 



Recall the morphism (9.3.1) 



Note that if 3C ~ /uK and suppK ^ X is proper, then we get the commutative diagram 
Rpv.(fihom{K,(Df^P) (g) V^o"i(Oy , Oy)) RJ{om(/iK[dy] S /iOy, ^0^^ 




nhom{K[dY] o Oy,Ox) 
where the diagonal morphism is the classical morphism from |KS1|. 



Now suppose that R^Kom(DC, /xO^'^y^) is concentrated in positive degrees and that 

suppRJ{om(D^,/x05^'^y ) X 
is proper. Then by taking the 0-cohomology we get a morphsm 

pi*(^H°R:>{om(3C,/iOl^'^^^)(g)p5-^H°R:Kom(/xOy,/xOy)) — > H°RJ{om(X[(iy]S^Oy , /iOx) 

(9.4.1) 

Hence the identity of fiOy and any section 

s e R°R:Kom{X,nOf^p). 

defines a morphism 

(p{s) : Xldy] O /iOy > /iOx 

In the sequel we will only consider kernels X G ^^{Ct*xxT*y) satisfying 

(i) X is M-constructible, 

(ii) (17y X T*X U T*Y X 0^) n SS{X) C A, 

(iii) X is simple^"* with shift along A. 

Note that given a -conic Lagrangian subvariety A that is associated to a contact trans- 
formation, there always locally (on P*{X x Y)) exists X, i.e. for each p G ^Ix there exists 
a C^-conic open neighborhood Q'^ of C^p such that (i), (ii) and (iii) are satisfied. Recall 
the morphism 



P?3*b?2" HUR^om(3Ci,/iO\^'"^0 ^ p^3'R:Kom{X2,^iO'YxZ 

/3£« 



R3:Kom{Xi o X2 [dy], ^i^xiz ■ 



Denote by s o s' the image s ® s' by this morphism. 
Then we get 



^■^For the definition of simple sheaves see jKSl|| , Section 7.5. 
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Proposition 9.4.1. 

^{s o s') = ip{s) o {X[n]o ais')) 



Proof. This follows from the fact that the morphism of Proposition |9.3.4| satisfies to the 
obvious associativity condition. □ 

Theorem 9.4.2. For every p E 0,x there exists a -conic open neighborhood 0,'-^ C fix 
ofC^p auch that if we set ily = x{^y) we can find a section 

such that the morphisms 

are isomorphisms and we get an antiisomorphism 

X*£xbx Syby ; P ^ Q such that Ps = sQ 
For such a section s the morphism 

ip{s) : X[dY] o flOy — > fJ-Ox 
is an isomorphism of /3E^ -modules. 



Corollary 9.4.3. Let s be a section as in Theorem O.^.i and 3' be a perverse sheaf. Then 
(p{s) defines an isomorphism of -modules 

Corollary 9.4.4. Let s be a section as in Theorem \9.4-^ and 3^ be a coherent Ey-module. 
Then ip{s) defines an isomorphism 

The tempered version of Theorem |9.4.2| is similar with the only difference that the 
microdifferential structures are formal structures in the derived categories. 

Theorem 9.4.5. For every p E ilx there exists a -conic open neighborhood C Ox 
ofC^p auch that if we set ily = x{^y) we can find a section 

s € H0RJ{om(/iaC,/xO^(^^'°))b^,<o'^ 

such that the morphisms 

puR'R:Kom{f,X,f,0'f^f'^)\n'^^n'^ ; P ^ Ps 
P2.B'R:Kom{f,X,f,(D'f/y'^)y^^n,^ ; Q ^ sQ 
are isomorphisms and we get an antiisomorphism 



X*£-^^\nx — ^ Sy'^by ; P ^ Q such that Ps = sQ 



For such a section s the morphism 

ip\s) : X[dY]ofiO\^ — > fiO^x 



is an isomorphism of formal (3^. ^ -modules in D {l{kx))- 

Corollary 9.4.6. Let s be a section as in Theorem \9.4.^ and 3^ be a perverse sheaf. Then 
^{s) defines an isomorphism of E.^^ -modules 

X* R?{om(7r- V3", /^Oy) - R'Kom{iiX o /ij, /iO*^). 
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9.5 Classical Riemann-Hilbert Theorem and Ind-sheaves 

Using the functor fi we can reformulate the isomorphisms of the classical Riemann-Hilbert 
Theorem from the microlocal point of view. 

Lemma 9.5.1. (1) Let 3" G D^.^(/cx)- Then 



(2) Let Jd be a coherent Vx -module. Then 



Raj{om.„R./(/3£t'-^ /3(7r"^M),//Ox) ^ //(Sol(M)), 



Rmom^£^(/5£x <i) /3(^"^M),/iOx) ^ //(Sol(M)). 

Proof. (1) is a reformulation of Theorem 4.2.6 of |An2 | in terms of ind-sheaves using the 
fact that 7~ R7*£j^ ~ E,x and (2) follows directly from the fact that M is a coherent 
Dx-niodule. □ 

Therefore we can now formulate Riemann-Hilbert Theorem in terms of ind-sheaves: 

Proposition 9.5.2. (1) Let "J he a perverse sheaf on X. Then 

Rmom„pM./(/?R:>{om(/i3",;uO^),/iOx) ^ /uJ 

Rmom^£^ (/37-1 R7* RJ{om(^g-, ^0^), /iOx) ^ 

(2) Let M. be a regular holonomic Dx-module. Then 

7-^R7*RJ{om(Raj{om^£^(/3(£x 7r~^M, /iOx), /iOl^) ~ £x ^ vr~^M 

Now let us formulate the comparison theorem for regular holonomic £j!s:-niodules in 
terms of ind-sheaves. The classical version ( ||Anl |, Proposition 5.6.3) states 

Proposition 9.5.3. LetM. be a regular holonomic tx-module and 3 G ^^.dhx) such that 
tfihom{S,Ox) is concentrated in a single degree. Then the natural morphism 

RJfom£_^(M,t/x/iom(g,Ox)) — > RJComg^ (M, /x/iom(g, Ox)) 
is an isomorphism. 

Remark 9.5.4. Note that we do not have to assume that fihom{3, Ox) is concentrated in 
degree zero because we now know that nhom{3, Ox) is well defined in the derived category 
of microdifferential modules. 

It is slightly more complicated to deal with yuO^ since we do not know if /^O^ is well defined 
in the derived category of microdifferential modules. The analog of the last proposition 
should be the formula 

Rmom/3£^(/3M,/iOx) ^ Rd'KompExiP^^ f^^x) 

for any regular holonomic £x-niodule M. However the second term of this isomorphism is 
unfortunately not (yet) well-defined. Therefore we only get the following weaker statement: 
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Proposition 9.5.5. Let M 6e a regular holonomic Ex-module. Then there is a natural 
morphism 

Rj:H:om/3£^(/3M,/xOx) — > Rmom(/3M, /xO^). 
Proof. By the comparison theorem if S G B^^^^{Cx,U) we have a natural morphism 

RJ{om£^(M,/i/iom(g,Ox)) ^ R?{om£_^ (M, t/i/iom(g, Ox)) — > RJ{om{M,tfihom{S,Ox))- 
Since we have 

RJ{om£^(M,/x/iom(g,Ox)) ^ R'Kome.^{M,R'Kom{fi9, fiOx)) 

~ RJiorUfsn^ {(3M, RdJiominS, ^J-Ox)) 
~ R:H:om(^g,Rmom^£^(/3M,/iOx)) 

and 

RJ{om{M,tfihom{9,(Dx)) ^ RIH:om(M, RJ{om(^g, /xO^) 

~ R'KomipM, Rj:H:om(^g, /xO^)) 
~ R:>{om(/Lig,Ra?{om(/3M,/iO^)) 

we get a morphism 

R'KominS, Rd'Honif^Ex iP^, /"Ox)) — > R'Komd^iS, R3'Kom{pM, /iOx)). 

Now recall that RJ^Kom^£^ (M, /xOx) is a microlocal perverse sheaf. Hence locally it is 
of the form ^5 for some object g G T)p^j.^{Cx, U). Thus locally the identity morphism of 
RJ3-Com/3£^ (M, fiOx) defines the desired morphism and we may patch it because microlocal 
perverse sheaves form a stack. □ 

Remark 9.5.6. If /uO^ was well-defined in the derived category of /3£js:-niodules then the 
proof of the last Proposition would establish the isomorphism 

Rmom^£^(/3M,/iOx) ^ RJ:Kom^£^(/?M, /iO^). 

9.6 Microlocal Riemann-Hilbert morphism 
Lemma 9.6.1. Let 9" E ^Perv{^) and set U = 7~^(r2). Then 

R:Kom(3", ^i0^x\u) 

is an \i; -module. Moreover 

7-^R7*RJ{om(J,;uO^|[/) 
is a regular holonomic £.x\u-'module. 

Proof. First we will show that R3iom(9", ^0^|[/) is a well-defined S'^'-'^liy-module. 



By Proposition |9.3.8| it is enough to prove that the complex 

R:Kom(3", fJ,Ox\u) 

is concentrated^in a single degree. This is a local problem. Thus we may assume that 
9" ~ fi3' where 3^ is an object of Dp^j.^{kx, U). Therefore 

R'Kom{'3',ii0^x\u) ^ R'Kom{ijff\u , ^lOWu) ^t^jLhom(^,Ox)\u 
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Since tfihom{3',(Dx)\u is invariant under quantized contact transformations, we can sup- 
pose that 9" is a perverse sheaf. Then the complex tnhom{3',0x)\u is concentrated in 
degree 0. Hence I{^o'm{3', fiO^^lu) is a well-defined £^'■'^1 [/-module. 

Hence R7^, R;Kom(9", //O^lt/) is an £x-niodule. Let us show that it is regular holo- 
nomic. This is again a local question, invariant by quantized contact transformations. 
Therefore we may assume that 3" ~ fil for a perverse sheaf 3". Recall that 

tiihomi3',0x)\u ^ i^Y ^ 7r^^TJ{om(J,0x))|c/- 

By the Riemann-Hilbert theorem T[Kom(9", Ox) is a regular holonomic l^x-niodule. Hence 
R7* RJ{om(3", /iO^lc/) is regular holonomic. □ 

Lemma 9.6.2. Let M G 'KolHeg{U). Then 

Rmom^£^l^(/?M,/iOx|c7) 

is an object of ^Perv{U). 

Proof. This is a local problem, invariant by quantized contact transformations. Therefore 
we may assume that M is isomorphic to £x ® vr^^M on U where M is a regular 

holonomic D^-module. Then 

Rmom^£^l^(/3M,/xOx|c/) - R3^om^£x(£x ® vr-^M, /iOx)|i/ =^ /xR:KomD^ (M, Ox)|c/ 

By the Riemann-Hilbert Theorem RJComDj^ (M, Ox) is a perverse sheaf. □ 

For any open subset C P*X let us define the microlocal Riemann-Hilbert correspon- 
dance: 

^tRH 

liPerv{VL) , " 7iol7leg{tx\^-iri). 

by the formulas 

/iSol(M) = Rmom^(£^,^„^^)(/3(M),/iOx|^-in) 
AiRH(J) = 7^iR7f^,(R:Kom(J,/iO\-i(f^))) 
where 7^ is the restriction of 7 to 

The functors yuSol and /xRH are obviously functors of stacks. 

Lemma 9.6.3. There is a natural morphism 

Id — ^/iSolo^RH. (9.6.1) 

Proof. Let 3" be a microlocal perverse sheaf. We will define the morphism (|9.6.1 ) by a 
natural element of 

Homob(i(fc^))(J, m-KompEx ^7* R^Kom( J, ^0^), ^uOx). 

Note that 



HomDb(j(;.^)) R3%om/3Ex iPl' ^7* RWom(:T, fiOx),f^^ 



X 



~ HomDb(j(^£^))(3'® /37 ^ R7* RJ{om(3~, /xO^^), /^Ox). 
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Now recall that 

(3-1^^ R7* R:Kom(3", /iO^) — > h^'^ R7* R'Kom{7, /zOx) 
is /3£x-linear. Hence the natural morphism in D^(I(/3£x)) 

y (g) /37"^ R7* R'Kom{J, fiOx) — > fJ-Ox 
defines the morphism of the lemma. □ 
Theorem 9.6.4. The functors /xSol and /xRH define quasi-inverse equivalences of stacks 

liPerv ^ ^*TConZeg{Ex)- 

/iSol 

Proof. First let us show that the morphism of Lemma 9.6.3| is an isomorphisms. 

Let J" be a microlocal perverse sheaf defined in a neighborhood at p. Then there exists 

9" € Dp^j.^{kx ,C^p) such that 3" ~ /iiF. Let % be a contact transformation such that 

x(SS(9")) is in generic position at x{p)- Then 

Since ^oc{3^) is isomorphic to a perverse sheaf in a neighborhood of nip) the isomorphism 



follows from the second part of Proposition 9.5.2 



Now let us show that the functor //RH is an equivalence of stacks. It is sufficent to prove 
this locally. In order to prove that //RH is essentially surjective, we show that //RH 
and ^ Sol are inverse to each other on the level of objects. We have already seen that 
/X Sol RH(J') ~ 3' for any microlocal perverse sheaf 3". 

Let M be a regular holonomic £x-niodule defined in a neighborhood of p S T*X. Let x 
be a contact transformation such that x*^ is in generic position at xip)- Then 

X* R7'^ R7* R^om{m:Komi3i-^ (/3(M), /iOx), /uO^) 

~ 7"^ R7* R:>{om($f^ RJJf om^£^ (/3(M), ^Ox), /iO^) 
~ 7-1 R7* R:Kom{R3:Komf3Ex (.PxM, fiOx),f^0^x) 

But since x*^ is in generic position there exists a regular holonomic Dx-niodule M such 
that 

Hence ;uRH is essentially surjective. 

Let us show that //RH is fully faithful. Let 5", S be microlocal perverse sheaves. By invari- 
ance under^quantized contact^ transforrnations we may assume that there exists perverse 
sheaves 3", S such that ~ fi3^ and S — 9 • Then the fact that RH is fully faithful follows 
from the well-known formula 

/x/iom(3",g) ~ R?{om(RH(g),RH(J)). 

□ 



A Stacks on Topological Spaces 



In this section we will make use of the language of 2-functors and 2-colimits. But since we 
only work with the 2-category CAT of all (small) categories, we will not recall the abstract 
theory and refer to l^j McL ). 
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A.l Prestacks 

A prestack is a "presheaf of categories up to equivalence". More precisely, let X be a 
topological space and denote by T{X) the category of open sets of X . A prestack on X is 
just a 2-functor T{X)° — > CAT ■ Therefore many authors call a 2-functor with domain X 
a prestack on T. 

Since the category T{X) is particularly simple, we will recall here a detailed description. 
Definition A. 1.1. A prestack (C, p, on X consists of 

(1) a small category Q{U) for every open set U C X, 

(2) a functor Py^j : Q{U) QiV) for any two open sets V C U G X , called restriction 
functor or just restriction, 

(3) a natural equivalence ^y^yu '■ P^ke/ ~^ PwvPvu /^'^ every three open sets W d V C 
U CX. 

This data should satisfy 
(P2F1) p^jj = Id^^f^^^ for every open set U G X. 
(P2F2) ^uuu = -^'^^£((7) ^'^'^ ^'"^'^y "P^"^ U C X. 
(P2F3) For every four open sets T dW dV (ZU d X the equation 

i^TW * ^WVU^ ° ^TWU {^TWV * PviJ^ ° ^TVU^ 

holds, i. e. the following diagram commutes: 

Ptu ~z ^ PtwPwu 

Ptw'^wvu 
PtvPvu — T ^ PtwPwvPvv 

TWV'PVU 



TVU 



We shall mostly denote a prestack (C, p, $) by C for short. Moreover it is often convenient 
to denote the restriction functor pvu by iy]j- 

Hence a prestack is just a contravariant 2-functor C : T{X) — > CAT with strict identi- 
ties. We therefore immediately get the notion of a functor of prestacks (being a 2-natural 
transformation of the underlying 2-functors) and the notion of a natural transformation of 
functors of prestacks (being a modification of the underlying 2-natural transformations). 
In particular we get the concept of an equivalence of prestacks and we may define the 
(2-)category VST{X) of prestacks on X. 

Remark A. 1.2. Let C be a prestack on X, f7 C X an open subset and A^B & ObC(C/). 

For y C i7, we set 

Hom^^^{A,B){V) = ^ou,^^y^{A\y,B\y) 

liWdVdU the restriction functor pwv and the natural equivalence ^wvu define a 
restriction map and one easily verifies that Tiom^^ (^) -S) is a presheaf. 

Let us add some notations 
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Definition A. 1.3. (1) A prestack C is called additive if for any U C X the category 
C{U) is additive and the restriction functors are additive. 

(2) An additive prestack C is called triangulated if for any U d X the category C(U) is 
triangulated and the restriction functors are exact. 

(3) An additive prestack S is called abelian if for any U G X the category C{U) is abelian 
and the restriction functors are exact. 

We then get the obvious concept of an additive (resp. exact) functor between additive 
(resp. triangulated or abelian) prestacks. 

A. 2 Operations on prestacks 

Let / : X ^ Y he a continous map. 

Proposition A. 2.1. Let C be a prestack on X . Then there is a natural prestack /*C on Y 
such that for any open set V CY we have a canonical equivalence f*Q{V) ~ Q{f~^{V)). 

Proposition A. 2. 2. Let C be a prestack on Y. Then there is a natural prestack fp^C on X 
such that for any open set U C X we have a canonical equivalence f~^Q{U) ~ 21im Q{V). 

f{u)cv 

Proposition A. 2. 3. The operations /* and f~^ are (2-)adjoint to each other, i.e. there 
is a (2-)natural equivalence of categories 

Horn (/„"^e,D) ~ Horn (e,LD). 

A. 3 Stalks 

Since prestacks (and stacks) are often treated in the more general framework of sites, we 
will describe here in detail the notion of a stalk of a prestack on a topological space. Of 
course \i p ^ X and i : {p} ^ X is the inclusion, then the stalk Sp of a prestack C at p is 
nothing but 

Definition A. 3.1. Let Q be a prestack on X and p € X a point. 

Consider the category Tp(X) of open sets that contain the point p. Note that since the set 
of open sets containig p is stable by union and intersection the category Tp{X) is filtered 
and cofiltered. 

The prestack C induces a 2-functor ap : Tp(X)° — > CAT. 
We set 

Cp = 21ime(C/) = 21im ap{U) 

U3p ueTpix) 

and call Qp the stalk of C at p or the category of germs of C at p. 

Hence the stalk of a prestack is defined up to canonical equivalence of categories. It 
can easily be described using the explicit construction of 2-colimits. We get 

Oh ep= \^{U, A) \peU C X open and A e Oh e{U)^ = \_\ Ohe{U). 

peucx 

Let {U,A),{V,B) he two objects of Qp. Then 

Hom,^((C/,A),(F,S)) = hm Hom,^^, S|^). 

pewcunv 

Hence a morphism / : {U, A) (V, B) is defined on a small neighborhood W d U r\V oi 
p. In particular we get 
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Proposition A. 3. 2. Let C be a prestack on X , p ^ X a point, U C X an open set 
containing p and A,B G ObC(f/) two objects. Then we have a canonical isomorphism 

Hom^^^ {A, B)p Horrig^ {A, B). 

This isomorphism is compatible with the composition maps in S in the following way: 
Let U GX be an open set containing p and A,B,C G OhQ(U). 
Then the morphism of sheaves 

Horn,, (A,B)xnom,,, (B,C) — >nom^, iA,C) 

induces in its stalks the composition in the stalk: 

Hom,^ {A, B) X Hom,^ {B, C) Hom,^ {A, C). 

Hence germs of morphisms may be seen as morpliisms in the category of germs. The 
compatibihty with the composition map has an obvious corollary: 

Corollary A. 3. 3. Let Q be a prestack on X, p € X a point, U,V C X two open sets 
containing p and A G OhQ{U), B G ObC(y) two objects. Then A and B are isomorphic 
in Cp if and only if they are isomorphic on an open neighborhood of p. 

Let us observe that an object A G Ob C{U) (with p G C/) is isomorphic to all its 
restrictions to sets V G p but there is no equivalence relation imposed on the objects. 
If A G ObC(C/) we will still denote by A its image in Cp. If / : A —>^ B is a morphism in 
C{U) then we note /p : A ^ B its image in Cp. The reason why we do not write Ap is 
given by the following remark. 

Remark A. 3. 4. Consider a sheaf of rings A and the stack A40T>{A). One shall beware 
that the natural functor 

MOV{A)p MOV{Ap) 
is not an equivalence of categories because the morphism 

Hom(y, g)p — > Hom^j,(5p, %) 

is not an isomorphism in general. 

Proposition A. 3. 5. (1) If Q is additive then its stalks are additive categories and the 
natural functors into the stalks are additive. 

(2) If Q is triangulated then its stalks are triangulated categories and the natural functors 
into the stalks are exact. 

(3) If Q is abelian then its stalks are abelian categories and the natural functors into the 
stalks are exact. 

A. 4 Stacks 

Definition A.4.1. A prestack S on X is separated if for all open subsets U C X and all 
objects A,B eOh e{U) the presheaf 

Hom^^^{A,B) 

is a sheaf. 
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Definition A. 4. 2. A prestack C on X is a stack if the following two conditions are 
satisfied 

(i) The prestack S is separated 

(a) Let U = (Jig/ ^6 an open covering of an open subset U C X and suppose that we 
are given the following data 

(a) for every i G I an object Ai E C{Ui) 

(b) for every i,j € / an isomorphism aij : Aj\u-. —>■ Ai\u.^ such that for any 

k €z I the equation ajk o cjij = aik holds on Uijk- 

Then there exists an object A G G{U) and isomorphisms pi : A\ij- — > Ai such that CTijopj = 
Pi- 

Proposition A. 4. 3. Let S, C be two stacks on X. Consider a functor F : C — > C Then 
we have 

(1) F is faithful if and only if Fp is faithful for all p G X . 

(2) F is fully faithful if and only if Fp is fully faithful for all p ^ X . 

(3) F is an equivalence of stacks if and only if Fp is an equivalence of categories for all 
p&X. 

Proof. We know that F is faithful (resp. fully faithful) if and only if the morphisms of 

sheaves 

Hom.,, {A,B) — >nom,^,^ {F{A),F{B)) 

are monomorphisms (resp. isomorphisms). Since these two properties are verified in the 
stalks, we immediately get (1) and (2). 

Let's prove (3). Note that the condition is clearly necessary. 
Now suppose that Fp is an equivalence of categories for all p G X. 

By (2) we know that F is fully faithful. Hence ist is sufficent to show that F is essentially 
surjective for any open set U C X. 

Let A' G Ob Q'{U). For any point peU there is an object Ap G Cp such that Fp{Ap) ~ A'^. 
Hence by corollary ( A. 3. 3 ) there is an open neighborhood V{p) of p, an object A{p) G 
Ob [C{V{p))) and an isomorphism ^{p) : F{A{p)) ~ ^'lv(p)- 

These isomorphisms define a cocycle that patches together the objects F{A{p)) to an object 
isomorphic to A' . Since F is fully faithful this cocycle can be lifted to a cocycle in S' where 
the A{p) patch together to an object A such that F{A) is isomorphic to A' . □ 



A. 5 The stack associated to a prestack 

In this paragraph we will describe the stack associated to a prestack on a topological space. 
As is the case of the sheaf associated to a presheaf this can be done explicitly and is less 
complicated than on an arbitrary site. 

Proposition A. 5.1. Let Q be a prestack on X . Then there exists a separated prestack 
on X and a canonical functor ry^ : C ^ that induces an equivalence of categories on 
the stalks, such that any morphism Q —> Ti into a separated prestack T) factors uniquely 
through (up to unique equivalence). 
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Moreover for any functor F : Q ^ D there exists a functor : — ^ such that the 
diagram commutes 

e— 



Proof. 

Let U d X he sji open subset. Let us define a category Q\U). Set 

OhQ\U) = Obe(J7) 
now let A,B e OhQ{U) be two objects. Put 

Hom^^^^^ {A, B) = riU,'Hom,^^ {A, B)t), 

where Tiom^^ {A,B)'^ is the sheaf associated to l-iom,^,^ {A,B). Note that we have a 
canonical map Honig^yj {A, B) Hom^_^^^^^ {A, B) which is just the natural morphism from 
the presheaf Homg^j^^ (^4, B) into its associated sheaf. 
The map 

Homg|^ {A, B) X Komg|^ {B, C) — > Hom^^^ {A, C) 
induces the composition in C^: 

Hom^^^^ (A B) X Wom^^i^ {B, C) Uom^^^^ {A, C). 

The restriction functors of and the equivalences can easily be constructed by the uni- 
versal property of the sheaf associated to a preshaef which also implies that all the axioms 
are verified. 

The universal property of the separated prestack associated to a prestack also follows from 
the universal property of the sheaf associated to a presheaf. □ 

Theorem A. 5. 2. Let Q he a prestack on X. Then there exists a stack on X together 
with a canonical functor of prestacks rjg : C ^ such that any morphism C ^ T) into 
some stack © factors uniquely through . 

Moreover for any stack T> and any morphism of prestacks F : C T> there exists a 
canonical functor of stacks F^ such that the following diagram is commutative 



Finally the functor r^g : C ^ induces equivalences of categories on the stalks at every 
point of X. 

Proof. By the proposition we may assume that C is a separated prestack, i.e. all associated 
presheaves are actually sheaves. 

Let U C X be an open subset. We have to define a category 0^(11). 

Consider families A = {{Ap, U^)}pQU where is an open neighborhood of p with Ap G 
Q{Up) and families of morphisms 9^ = {Opq}p,qeU where O^g : Aq\ ^ — > Ap\ ^ is an 
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isomorphism for all p,q ^ U (here U.^g = PI U^ ) satisfying the cocycle condition. 
During the proof let us call a pair {A, 0^) a cocycle on U . 

We shall now define morphisms of cocycles. A morphism / : {A, 6^) — s- (B, 9^) consists of 
a family of germs morphisms fp : (^p, Up) — > (Sp, Up) of Mor Cp such that for any point 
p & U there is an open set Up on which fp is represented as a morphism fp:Ap\ ^ Bp\ ^. 

Up Up 



(where t// C U^^ = U^ n Uj^ is an open neighborhood of p) satisfying the following 
compatibility condition: the diagram 



A 



fi II t 



nA II 
<'pq\\ f 



nB II 
"P1»rrf 



A 



fp\\ 



Br 



should be commutative for all p,q G U. 

Now define C^([/) to be the category of cocycles. The obvious restriction maps define a 
prestack C-'" on U (which is actually a presheaf). It is now tedious but straightforward, 
that is a stack that satisfies the universal property. Note that we need the assumption 
that C is separated when proving the patching condition. □ 

Corollary A. 5. 3. Let Q be a stack. Then there exists a stack Q' , canonically isomorphic 
to C, which is also a presheaf of categories. 

Corollary A. 5. 4. Let Q he a prestack and F : Q ^ T> be a morphism into a stack D. 
Suppose that F induces equivalences of categories in the stalks. Then T> is equivalent to 
the stack associated to C 



A. 6 Patching of stacks 

Theorem A. 6.1 (Patching Theorem). 

Let X = Uie/ ^6 an open covering. Suppose that for any i ^ L we are given a stack 
Cj and for any i,j G L an equivalence of stacks 9ij : — > Gj\u.. satisfying the cocycle 
relation 9ij\u..^ °(^jk\u -u =^^k\u--^,■ 

Then there exists a stack C on X, unique up to equivalence of stacks and equivalences 
9i : Q\^, ^ Qi staisfying 9i 

B The functor of ind-micolocalization 

In this appendix, we first recall some definitions and statements of the theory of analytic 
ind-sheaves from [ KS2|] . Then we define Kashiwara's functor of ind-microlocalization and 



give (without proof) some basic properties that we used in Sections 8 and 9. 
B.l Ind-sheaves 

If C is a category, one embeds C into the category of presheaves (of sets) on C by the fully 
faithful Yoneda-functor: 

C — >C ; Ah^Homc(-,A) 
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where C is the category of contravariant functors C — > Set. An object in the essential 
image of the Yoneda-functor is called representable. 

Note that C admits all small colimits since the category Set does but even if C admits 
colimits the Yoneda-functor does not commute with them. 

One denotes by IndC the full subcategory of C formed by small filtered colimits of repre- 
sentable objects and calls it the category of ind-objects of C. Then IndC admits all small 
filtered colimits. 

If C is abelian then IndC is abelian and the Yoneda-functor induces an exact fully faithful 
functor C — > IndC. 

Now let X be a locally compact topological space and fix a field k. One sets 

l{kx) = lndMod%kx) 

where M.o<F{kx) denotes the full subcategory M.od{kx) formed by sheaves with compact 
support. We call l{kx) the category of ind-sheaves (of /c- vector spaces). One can show 
that the prestack X D [/ i-^ ^{kij) is a proper stack, in particular it is an abelian stack. 
There are three important basic functors for ind-sheaves 

i : Mod{kx) — >l{kx) ; :F^"lim"3^[/ 

c/ccx 

a : l{kx) — > Mod{kx) ; " hm" ^ lim 

(3 : M.od{kx) — > I(^x) left adjoint to a 

where we write " lim" for colimits in the category l{kx)- All three functors induce functors 
of stacks. 

Proposition B.1.1. (i) The functor i is fully faithful and exact, 
(a) The functor a is exact. 
(Hi) The functor (3 is fully faithful and exact. 

(iv) The triple {13, a, l) is a triple of adjoint functors, i.e. (3 is left adjoint to a and a is 
left adjoint to i. 

Note that since the functors a, {3 are exact they are well-defined in the derived cate- 
gories, guard the adjoint properties and a, t are still fully faithful. An object J G D''(A:x) 
is identified with in D'^(I(A;x))- 
There are internal operations on ind-sheaves 

(•)«)(•) and mom( • , • ) 

and an external 

?{om( • , • ) : X l{kx) — > Mod{kx). 

Moreover for any continous map f : X —i- Y between locally compact spaces we get the 
external operations 

,f*,f\\, 

where the notation f\\ indicates that t/i 9^ f\\i. 

While (8" and f~^ are exact the other functors have a right derived functor and pass to the 
derived category where we can define Poincare-Verdier duality, i.e. we have a right adjoint 
f' to R/n and we get the usual formalism of Grothendiek's six operations. We will not 
recall here the various natural isomorphisms relating these functors and refer to [ KS2 | but 
let us summarize the commutation properties with t, a,/3: 
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Proposition B.1.2. (i) The functor i commutes to 0, f^^ , /■ ,Kf^,. 

(a) The functor a commutes to ®, /~^, R/*, R/n and aR'J'Kom{ • , • ) ~ K'Kom{ • , ■ )• 

(Hi) The functor 13 commutes to 'Si,f~^- 

Finally let us state the following Proposition which has no counterpart in calssical sheaf 
theory: 

Proposition B.1.3. Let 3",g G B^{kx) and M G B^{l{kx)). Then there is a natural 
isomorphism 

RJ?{om(J,M) /3S ^ Rmom(J,M O pS). 
B.2 Microlocalization of ind-sheaves 



In |K5|, Kashiwara establishes the following theorem 
Theorem B.2.1. There is a functor 

fi: Db(I(A;x))^D^I(Vx)) 
such that for any 3", S G ^^^{kx) we have a natural isomorphism 

R:>{om(/iJ, /iS) ~ R'Kom{TT-^3',^i^) ~ /i/iom(3', S). 
Remark B.2. 2. Note that if 3" G I)^{kx), then 

supp(//3") = supp(R3iom(/i9", = supp(/i/iom(J', 9")) = SS(9~). 
The construction of /i is rather straight-forward if we want to have the property of the 



Theorem (cf. Proposition |9.1.3| in Section 9.1). Let us recall the definition. 

The normal deformation of the diagonal in T*X x T*X can be visualized by the following 

diagram 

TT*X Ta^.;, {T*X X T*X) T*xl^*X ^ 




Note that p is smooth but p is not. Also, the square is not cartesian. Set 

where the set P C TT*X is defined by 

P= [{x,C;v,,v^) j {v^,O>0}- 
Definition B.2. 3. Kashiwara 's functor of microlocalisation is defined on T*X as 

Lemma B.2. 4. Let S C T*X he an arbitrary subset. Then /x defines functors 

/i: Db(A:x,5) ^Db(I(A:s)). 

If one considers these functors for open subsets U C T*X, they define functors of prestacks. 
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Proof. It is enough to show the existence of the first functor. If /x(3")|g ~ 0, then 
supp(//(g")) n 5 = 0, hence 88(3") n 5 = and ^( • )ls factors through B^{kx,S). □ 

The following Proposition is used in Section 9.1. 

Proposition B.2.5. Let 3" G B^_^{kx) and S e B^{l{kx)) and assume that 

88(3") n supp(^g) C T^X 

Then there is a natural isomorphism 

RJf om(3", kx)(S)9 ^ RJJ{om(3", 9). 

The main theorem of |K5[| is the microlocal composition theorem that we included in 



Section 8.3 (Theorem 
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